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Algorithm 2: Conjugate gradient implementation solving 0 =
Qd —b. Here Q= o’ + EH'E '"Hand b = EH'E 'm. This algo-
rithm assumes that £ and ¥ are diagonal matrices with entries given
by the vectors £ and 6], respectively.

Data:
m,: Measured vector
Hy: Forward transform
£,.: Normalized prior uncertainties
&, Mormalized measurement unceniamties
e Regularization parameter
L: Number of iterations
Result
o, Data vector
# Imtialize algorithm
by = &} WT(H] FTi(67% my))
Py = e s By
¢ = 'y
/ Traplement algorithm
while L. > O do
# Precompute Qp
QF = EX IFT{H; FT.(6.7 IFTe (Hy FTu(po)))
QF +=a*p,
y = ¢/(p'Q")
¢ =riy

endd

FIG. 15
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1
IMAGE RECOVERY APPARATUS AND
REMOVING ABERRATIONS IN AN
ACQUIRED IMAGE FROM IMPERFECT
IMAGING OPTICS

CROSS REFERENCE TO RELATED
APPLICATIONS

This application claims the benefit of U.S. Provisional
Patent Application Ser. No. 63/336,315 (filed Apr. 29, 2022),
which is herein incorporated by reference in its entirety.

STATEMENT REGARDING FEDERALLY
SPONSORED RESEARCH

This invention was made with United States Government
support from the National Institute of Standards and Tech-
nology (NIST), an agency of the United States Department
of Commerce. The Government has certain rights in this
invention.

BRIEF DESCRIPTION

Disclosed is a computer implemented process for remov-
ing aberrations in an acquired image from imperfect imaging
optics, the process comprising: acquiring an acquired image
of an object with an imperfect imaging system that com-
prises an imperfect imaging optic, the acquired image com-
prising a plurality of pixels; producing a prior that comprises
an expectation of data for the object; determining a pixel-
by-pixel uncertainty of the acquired image; determining a
total transfer function hk of the acquired image from the
prior and the acquired image; and determining a data vector
d from the total transfer function h, and the acquired image
to remove aberrations from the acquired image.

Disclosed is an image recovery apparatus for removing
aberrations in an acquired image from imperfect imaging
optics, the image recovery apparatus comprising: a proces-
sor configured to execute a process for removing aberrations
in an acquired image from imperfect imaging optics, the
process comprising the steps of: acquiring an acquired
image of an object with an imperfect imaging system that
comprises an imperfect imaging optic, the acquired image
comprising a plurality of pixels; producing a prior that
comprises an expectation of data for the object; determining
a pixel-by-pixel uncertainty of the acquired image; deter-
mining a total transfer function h, of the acquired image
from the prior and the acquired image; and determining a
data vector d from the total transfer function h, and the
acquired image to remove aberrations from the acquired
image; and a display configured to display a reconstructed
image of the object, the reconstructed image being based on
the data vector d.

BRIEF DESCRIPTION OF THE DRAWINGS

The following description cannot be considered limiting
in any way. Various objectives, features, and advantages of
the disclosed subject matter can be more fully appreciated
with reference to the following detailed description of the
disclosed subject matter when considered in connection with
the following drawings, in which like reference numerals
identify like elements.

FIG. 1 shows, according to some embodiments, an image
recovery apparatus.
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FIG. 2 shows, according to some embodiments, an image
recovery apparatus and removing aberrations in an acquired
image from imperfect imaging optics.

FIG. 3 shows, according to some embodiments, an image
recovery apparatus and removing aberrations in an acquired
image from imperfect imaging optics.

FIG. 4 shows, according to some embodiments, phase
contrast imaging, wherein a refractive object scatters light
from an incident probe laser into two components: unscat-
tered (solid) and scattered (dashed). An objective lens placed
a focal distance f; from the object spatially separates the two
components at the back Fourier plane a distance f; from the
lens. The phase dot is positioned at the Fourier plane and
predominately phase shifts the unscattered light passing
through it. After the second lens with focal length f, the two
components interfere in the image plane and a CCD records
the resulting intensity.

FIG. 5 shows, according to some embodiments, numeri-
cally modeled PCI images of 1.1x10° atoms in a 3D
Thomas-Fermi distribution. Modeling included photon and
atom shot noise and used parameters matching experiments
with: probe detuning 8=106, intensity I=2.0, overall system
efficiency of 0.6 (corresponding to about 400 photo-elec-
trons detected per pixel), a factor of V2 added noise from the
EMCCD’s electron-multiplication stage, and a 20 ps pulse
duration. Full images are depicted in the left column and
vertical cross sections are plotted in the right. (a) Image
following an ideal NA-limited imaging system. (b) Aber-
rated image from an imperfect imaging system. (c) Recon-
struction using the Tikhonov method with a=0.1. (d) Recon-
struction using the ad hoc method with a=0.1. (e)
Reconstruction using the full method with o=0.1. The
dashed curve in each cross section replots the ideal NA-
limited case for reference and the dashed black ellipses
denote real-space window functions that are relevant both
for reconstruction (ad hoc and full method) as well as the
computation of the PSD (ideal imaging, imperfect imaging,
and Tikhonov method).

FIG. 6 shows, according to some embodiments, numeri-
cally modeled PSDs from images computed as in FIG. 5
averaged over 200 repetitions. The left column of figures
plot the modeled PSD with atoms present; the next column
is the PSD computed with no atoms; and the third column
shows their difference. The right column plots a horizontal
cross-section through the difference. (a) Ideal imaging sys-
tem. (b) Aberrated imaging system modeling experimental
imperfections. These data were processed with a window
10x larger along e,. To compare with the remaining images,
this data was simulated with a pulse duration increased by a
factor of 10 to an unrealistic 200 ps. (c)-(e) show the PSD
computed following Tikhonov, ad hoc, and full reconstruc-
tions, respectively.

FIG. 7 shows, according to some embodiments, noise
analysis of integrated PSD. Each symbol marks the PSD
(computed as in FIG. 6) integrated within the NA-limited
disk. The black, green, blue and red data respectively plot
the results for ideal imaging, the Tikhonov method, the ad
hoc method and the full method. The dashed lines show the
expected 1/3% scaling of the PSD signal, with a factor of 2
scale factor between the lines. The inset plots the standard
deviation APSD of the integrated PSD over the ensemble of
200 images, with the grey data resulting from the aberrated
case.

FIG. 8 shows, according to some embodiments, an ultra-
cold atom microscope, wherein cold atoms are disposed in
a vacuum system with a square cross-section glass cell
with =50 mm sides. The NA=0.32 objective lens maximizes
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the NA given the constraint of the illustrated coil holders.
Not shown are three additional dichroic mirrors that center
the probe beam on the final lens and the EMCCD.

FIG. 9 shows, according to some embodiments, PSDs
{ IBODhlz) at differing degrees of defocus including experi-
mental data (left, k,<0) and fits (right, k,>0). These data
represent a full set of dz;, values, and each measurement
was averaged over 100 to 200 images. The dashed arcs on
the top and bottom plot the NA limit 'k, 1=k, , expected for
the objective lens. The values for the model parameters in
the fits are given in the FIG. 16 and FIG. 10.

FIG. 10 shows, according to some embodiments, best-fit
values for c,, and c,,, extracted from fits to PSD measure-
ments, plotted as a function of 8z, ,. At the nominal e_ focal
position 8z,,=0 the coefficients are ¢,,=24.9(5) and c,,=—
500(1).

FIG. 11 shows, according to some embodiments, final
pupil wavetront model at 8z, ,=0 cm. (a) Pupil phase wave-
front mean and (b) standard deviation. The red dashed curve
outlines the complete aperture limit due to the ultra-high
vacuum apparatus geometry. Contour lines (black) are
spaced approximately every 8A in (a) and A/20 in (b).

FIG. 12 shows, according to some embodiments, far
detuned in-situ PCI images of BECs showing raw and
reconstructed signals. (a) Raw PCI signal at probe detuning
8=106. (b) Reconstructed PCI signal with the Tikhonov
approach with a=0.1. (¢) Reconstructed PCI signal using the
full method. For each case a vertical cross section is shown
on the right.

FIG. 13 shows, according to some embodiments, direct in
situ observation of BEC phase transition. Top and middle:
raw and refocused images with the same color scheme as in
FIG. 12. Bottom: horizontal cross sections for the raw
(black) and reconstructed (red) data, and the fits (purple
dashed) to 1D Gaussian, images. (a) Thermal cloud at T>T,..
(b) Partially condensed system at T=T_, with both thermal
and condensate components visible. (¢c) Pure bimodal, and
TF distributions, respectively, for each regime. Each raw
image was acquired at probe detuning 0=~106 and averaged
over 20 TOF data, and the solid curve is a fit to a function.
condensate at T<<T_ (d) Condensate fraction measured from
in-situ images plotted as a function of temperature obtained
separately from TOF data, and the solid curve is fit to a
function.

FIG. 14 shows, according to some embodiments, Algo-
rithm 1 for computational steps to implement the ad hoc
convolution approximation.

FIG. 15 shows, according to some embodiments, Algo-
rithm 2 for conjugate gradient implementation.

FIG. 16 shows, according to some embodiments, best-fit
parameter values, wherein shared global parameters g,
Cpor> and ¢, (for n,m=0 and even n+m) result from PSD
fits and c,; derived from coordinate space TF fits, and
coeflicients are dimensionless.

DETAILED DESCRIPTION

A detailed description of one or more embodiments is
presented herein by way of exemplification and not limita-
tion.

Image degradation is a common problem in many appli-
cations, such as photography, videography, spectroscopic
imaging, and medical imaging. There are many factors that
can cause image degradation, including noise, blur, imper-
fect optics, and occlusion. Noise is random variation in the
pixel values of an image. Blur is caused by the spread of
light over time or space. Imperfect optics fail to produce a
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faithful image of the object. Occlusion is caused by objects
blocking the view of other objects in an image.

Image recovery is the process of restoring an image of an
object that has been degraded. There are many different
methods for image recovery, each with its own advantages
and disadvantages. Some common methods include denois-
ing, deblurring, and inpainting. Denoising is the process of
removing noise from an image. Denoising methods can be
based on statistical models, such as the Gaussian model, or
on prior knowledge of the image, such as the smoothness
prior. Deblurring is the process of removing blur from an
image. Deblurring methods can be based on the Wiener
filter, the Lucy-Richardson algorithm, or the nonlocal means
algorithm. Inpainting is the process of filling in missing data
in an image. Inpainting methods can be based on the patch
match algorithm, the sparse coding algorithm, or the exem-
plar-based inpainting algorithm.

Conventional technology for image recovery has several
limitations. For example, the Gaussian model is not always
a good fit for real-world images. The Wiener filter is not
always effective at removing noise from images with high
levels of noise. The Lucy-Richardson algorithm is not
always effective at removing blur from images with high
levels of blur. The nonlocal means algorithm is not always
effective at removing noise from images with high levels of
noise or blur. The patch match algorithm is not always
effective at inpainting images with large amounts of missing
data. The sparse coding algorithm is not always effective at
inpainting images with large amounts of missing data. The
exemplar-based inpainting algorithm is not always effective
at inpainting images with large amounts of missing data.

Sophisticated multi-element lens systems are able to
image objects with resolutions approaching fundamental
limits and are typically expensive. In many cases, because of
technical incompatibilities, conflicting requirements, or
expense, these multi-element lens systems are not employed.
As described herein, image recovery apparatus 200 and
process for removing aberrations in an acquired image from
imperfect imaging optics overcomes these limitations and is
adaptable, simple, effective, and can be integrated to con-
ventional hardware. It is contemplated that image recovery
apparatus 200 and process for removing aberrations in an
acquired image from imperfect imaging optics can include
an imperfect imaging system and an image reconstructor
that uses prior information to obtain and apply a Bayesian
inverse to acquired images.

Beneficially, removing aberrations in an acquired image
from imperfect imaging optics provides construction of
novel microscope systems that yields high-fidelity and near-
diffraction limited final output images. Additionally, dis-
closed is a build and calibration of a microscope system that
includes low-cost off-the-shelf optical elements with signifi-
cant aberrations that is subjected to the Bayesian inverse
using a conjugate gradient method, producing images with
aberrations eliminated. Advantageously, removing aberra-
tions in an acquired image from imperfect imaging optics is
compatible with a wide range of imaging strategies and
implementations. Removing aberrations in an acquired
image from imperfect imaging optics leverages prior infor-
mation both about the object under study (such as its
approximate size, shape and location) as well as the imper-
fect imaging system (such as its aberrations and apertures).

In an embodiment, with reference to FIG. 1, FIG. 2, FIG.
3, and FIG. 4, a computer implemented process for remov-
ing aberrations in an acquired image from imperfect imaging
optics includes acquiring an acquired image 201 of object
202 with imperfect imaging system 212 that includes imper-
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fect imaging optic 211, acquired image 201 including a
plurality of pixels 203; producing prior 205 that includes an
expectation of data 206 for object 202; determining a
pixel-by-pixel uncertainty of acquired image 201; determin-
ing total transfer function 207 h, of acquired image 201 from
prior 205 and acquired image 201; and determining data
vector 209 d from total transfer function 207 h, and acquired
image 201 to remove aberrations from acquired image 201.
In an embodiment, removing aberrations in an acquired
image from imperfect imaging optics includes converting
acquired image 201 to vector m,.

In an embodiment, prior 205 is set to zero if there is no
expectation of data 206. In an embodiment, prior 205 is
provided by a Gaussian distribution function. In an embodi-
ment, the expectation includes information about object 202
(e.g., its size, shape, or location) or information about
imperfect imaging system 212 (e.g., its aberrations or aper-
tures).

In an embodiment, determining the pixel-by-pixel uncer-
tainty of acquired image 201 includes accounting for photon
shot noise of digital imaging device 204 of imperfect
imaging system 212 that acquired the acquired image 201.
In an embodiment, accounting for the photon shot noise
includes obtaining the square root of the pixel values of
acquired image 201. In an embodiment, removing aberra-
tions in an acquired image from imperfect imaging optics
includes performing background subtraction on acquired
image 201 prior to determining the pixel-by-pixel uncer-
tainty of acquired image 201. In an embodiment, removing
aberrations in an acquired image from imperfect imaging
optics includes, after performing background subtraction,
replacing any negative values of the pixel values with a
positive value. In an embodiment, the positive value is the
smallest positive number of all of the pixels. In an embodi-
ment, the positive value is obtained by averaging pixel
values of neighboring pixels.

In an embodiment, determining the pixel-by-pixel uncer-
tainty of the acquired image 201 includes accounting for
readout noise of imperfect imaging system 212 that acquired
the acquired image 201.

In an embodiment, total transfer function 207 h, is pro-
vided by

L. 5 etk
hork) = [ 7 +5 hDOF(k*)ﬁe(w o

In an embodiment, determining total transfer function 207 h,
includes determining aberrations in acquired image 201,
wherein the aberrations include attenuation Yy and phase shift
B. In an embodiment, in determining total transfer function
207 h,, attenuation v and phase shift f§ are accounted for by
the following forward transfer function 208 h,

he(k.) = o VRLHBkL)

In an embodiment, data vector 209 4 is an optimal
reconstructed image 210. In an embodiment, determining
data vector 209 d includes numerically solving linear equa-
tions with a conjugate gradient method.

In an embodiment, removing aberrations in an acquired
image from imperfect imaging optics includes verifying a
statistical likelihood of data vector 209 d based on acquired
image 201 and the pixel-by-pixel uncertainty of acquired
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image 201. In an embodiment, verifying the statistical
likelihood of data vector 209 d includes evaluating

(Hd - mﬁif1 (FId = m).

In an embodiment, removing aberrations in an acquired
image from imperfect imaging optics includes estimating a
Fourier pupil function of imperfect imaging system 212. In
an embodiment, estimating the Fourier pupil function
includes determining a density correlation. In an embodi-
ment, estimating the Fourier pupil function includes deter-
mining aberrations in acquired image 201 from a diffraction
pattern in acquired image 201. In an embodiment, estimating
the Fourier pupil function includes determining a point
spread function and obtaining even order aberrations from
the point spread function. In an embodiment, removing
aberrations in an acquired image from imperfect imaging
optics includes producing a polynomial a plurality of loss
coefficients as a result of estimating the Fourier pupil
function of imperfect imaging system 212.

In an embodiment, removing aberrations in an acquired
image from imperfect imaging optics includes quantifying
the spatial structure of object 202 as the pixel-by-pixel
uncertainty of acquired image 201.

In an embodiment, with reference to FIG. 1, FIG. 2, FIG.
3, and FIG. 4, image recovery apparatus 200 for removing
aberrations in an acquired image from imperfect imaging
optics includes: processor 213 configured to execute a
process for removing aberrations in an acquired image from
imperfect imaging optics, the process comprising the steps
of: acquiring an acquired image 201 of object 202 with
imperfect imaging system 212 that includes imperfect imag-
ing optic 211, acquired image 201 including a plurality of
pixels 203; producing prior 205 that includes an expectation
of data 206 for object 202; determining a pixel-by-pixel
uncertainty of acquired image 201; determining total trans-
fer function 207 h, of acquired image 201 from prior 205 and
acquired image 201; and determining data vector 209 d from
total transfer function 207 h, and acquired image 201 to
remove aberrations from acquired image 201; and display
214 configured to display reconstructed image 210 of object
202, reconstructed image 210 being based on data vector
209 4

In an embodiment, processor 213 is configured to execute
a process for estimating a Fourier pupil function of imper-
fect imaging system 212, and the process comprising the
steps of: determining a density correlation; determining
aberrations in acquired image 201 from a diffraction pattern
in acquired image 201; determining a point spread function
and obtaining even order aberrations from the point spread
function; or producing a polynomial a plurality of loss
coefficients as a result of estimating the Fourier pupil
function of imperfect imaging system 212. In an embodi-
ment, processor 213 is configured to execute a process for
quantifying the spatial structure of object 202 as the pixel-
by-pixel uncertainty of acquired image 201.

In an embodiment, display 214 is configured to display a
plurality of reconstructed images 210 of object 202, each
reconstructed image 210 being based on a different data
vector 209 d.

In an embodiment, image recovery apparatus 200 is
configured to be used with a plurality of different imaging
systems.

In an embodiment, with reference to FIG. 3, image
recovery apparatus 200 and removing aberrations in an
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acquired image from imperfect imaging optics include
imperfect imaging system 212 that includes imperfect imag-
ing optic 211, e.g., aspheric lens L1 to provide a high
numerical aperture (NA) and achromatic lens L2. Imperfect
imaging system 212 produces acquired image 201 having
aberrated data. Additionally, processor 213 receives
acquired image 201 and subject acquired image 201 to
Bayesian inversion to produce near-diffraction limited
reconstructed image 210 from removal of aberrations from
acquired image 201.

Imperfect imaging system 212 produces acquired image
201 that is converted vector m. Image m includes aberrations
resulting from imperfections of imperfect imaging optic 211
in imperfect imaging system 212. Bayesian inference
includes maximizing:

E=o’d—p)'T ' d=p)+ (Hd - mﬁif1 (Hd — m).

to obtain data vector 209 d that is the optimal reconstructed
image 210 for acquired image 201. In this expression, p is
a Bayesian prior 205 for reconstructed image 210. It should
be appreciated that reconstructed image 210 is the image
that is expected in absence of any additional information,
which is set to zero in most cases. Here, & is a matrix (with
maximum eigenvalue &, . ) and includes an expectation of
data 206 (i.e., pre-existing information) about the structure
of data 206 (such as the location on acquired image 201 of
a feature or an impact of apertures included in imperfect
imaging system 212. Also, X is a covariance matrix with
minimum eigenvalue G,,;, and includes known measurement
uncertainties (e.g., photon shot noise, camera readout noise,
amplification noise, and the like) and their correlations.
Here, 0=10,,,/€,.. is a regularization parameter. The
expression for E can be simplified with the express-
ion E=E/E,,,, or T=X/0,,;,. H is a contrast transfer function
(CTF) for how a perfect image is altered by imperfect
imaging system 212.

Dissimilar from conventional imaging reconstruction
technology, removing aberrations in an acquired image from
imperfect imaging optics includes prior information, param-
etrized by E, Bayesian prior p, and covariance matrix X.
Exemplary conventional technology includes image correc-
tions for optical microscopy and for electron microscopy.
Such conventional technology produce reconstructions with
significant artifacts and do not obtain diffraction-limited
performance. Some conventional technology required
acquisition of multiple images of the same object or include
multiple optics to achieve this end, resulting in complexity,
optical losses, and cost. It should be appreciated that image
recovery apparatus 200 and removing aberrations in an
acquired image from imperfect imaging optics provide, e.g.,
a high-fidelity imaging system without involving multiple
images or additional optics beyond those in conventional
high-resolution imaging systems. With reference to FIG. 15,
the process for removing aberrations in an acquired image
from imperfect imaging optics can involve, e.g., a conjugate
gradient algorithm to obtain the final high-resolution image
as data vector 209 d. Here, this method of solution L is the
number of times the method is iterated. The number of
iterations L can be selected to provide suitable convergence
in the conjugate gradient method, e.g., L=50.

According to an embodiment, a process for removing
aberrations in an acquired image from imperfect imaging
optics includes estimating the Fourier pupil function of the
imaging system. If the imaging system includes calibrated
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elements (e.g., lenses, mirrors, and the like) with placement
of these elements measured accurately, then a comprehen-
sive optical design and analysis software package can com-
pute the pupil function. If a spatially random phase or
amplitude object is available with structure on a scale below
the resolution of the imaging system, then the method
described in the example for Fourier pupil function mea-
surements provides even order aberrations. If an absorbing
object smaller than the resolution of the imaging system is
available, then the measured diffraction pattern provides the
aberrations. If a pinhole smaller than the resolution of the
imaging system is available, the measured point spread
function provides even order aberrations. The result of
estimating the Fourier pupil function of the imaging system
can be a list of polynomial and loss coefficients, e.g.. as
shown in FIG. 16. The nominal spatial structure of the object
quantified as an uncertainty is &; in the Example. If the object
has compact support, its region of support is recorded. After
estimating the Fourier pupil function of the imaging system,
process for removing aberrations in an acquired image from
imperfect imaging optics includes acquiring an image on a
digital image device, wherein the image is indicated as m; in
the Example; encoding pre-existing expectations of the data
in terms of a prior p; wherein p; can be set to zero if there is
no prior; estimating the pixel-by-pixel uncertainty of this
image, e.g., as O; in the Example, wherein when estimating
the noise: an estimate proportional to the photon shot noise
contribution can be estimated by taking the square root of
the pixel values, or readout noise can be provided by the
camera manufacturer; computing matrix h, using Eq. (34) of
the Example with aberrations from Eq. (31); solving Eq. 47
or Eq. (48) of the Example; using the conjugate gradient
method to obtain data vector d, of Eq. (47); and optionally
evaluating (Hd—mH-E*(Hd—m) of Eq. (44) in the Example
to verify the statistical likelihood of the reconstruction based
on the given data and uncertainty estimate, which taken
across a large data set should about equal to the number of
pixels in the image. In solving Eq. (47) or Eq. (48) the size
of the matrix can be accounted for. For small (up to about
100x100 pixels, corresponding to 10,000x10,000 matrix,
the matrix can be exactly inverted by computing the matrix
inverse with using packages such as BLAS or LAPACK. For
large matrices, the conjugate gradient algorithm shown in
FIG. 15 solves this problem, wherein typically, e.g., 50
iterations can provide acceptable convergence. The imple-
mentation can be performed on a CPU-based system, and
considerable speedup can occur for a GPU-based deploy-
ment.

It is contemplated that image recovery apparatus 200 and
removing aberrations in an acquired image from imperfect
imaging optics can include the properties, functionality,
hardware, and process steps described herein and embodied
in any of the following non-exhaustive list:

a process (e.g., a computer-implemented method includ-
ing various steps; or a method carried out by a com-
puter including various steps);

an apparatus, device, or system (e.g., a data processing
apparatus, device, or system including means for car-
rying out such various steps of the process; a data
processing apparatus, device, or system including
means for carrying out various steps; a data processing
apparatus, device, or system including a processor
adapted to or configured to perform such various steps
of the process);

a computer program product (e.g., a computer program
product including instructions which, when the pro-
gram is executed by a computer, cause the computer to
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carry out such various steps of the process; a computer
program product including instructions which, when
the program is executed by a computer, cause the
computer to carry out various steps);

computer-readable storage medium or data carrier (e.g., a
computer-readable storage medium including instruc-
tions which, when executed by a computer, cause the
computer to carry out such various steps of the process;
a computer-readable storage medium including instruc-
tions which, when executed by a computer, cause the
computer to carry out various steps; a computer-read-
able data carrier having stored thereon the computer
program product; a data carrier signal carrying the
computer program product);

a computer program product including comprising
instructions which, when the program is executed by a
first computer, cause the first computer to encode data
by performing certain steps and to transmit the encoded
data to a second computer; or

a computer program product including instructions which,
when the program is executed by a second computer,
cause the second computer to receive encoded data
from a first computer and decode the received data by
performing certain steps.

Image recovery apparatus 200 can be made of various
elements and components that are fabricated or assembled
from off the shelf components. Elements of image recovery
apparatus 200 can be various sizes and can be made of a
material that is physically or chemically resilient in an
environment in which image recovery apparatus 200 is
disposed. Exemplary materials include a metal, ceramic,
thermoplastic, glass, semiconductor, and the like. The ele-
ments of image recovery apparatus 200 can be made of the
same or different material and can be monolithic in a single
physical body or can be separate members that are physi-
cally joined. For example, transmission of visible light by
imperfect imaging optic 211 of imperfect imaging system
212 can be provided by fused silica.

Image recovery apparatus 200 can be made in various
ways. It should be appreciated that image recovery apparatus
200 includes a number of optical, electrical, or mechanical
components, wherein such components can be intercon-
nected and placed in communication (e.g., optical commu-
nication, electrical communication, mechanical communi-
cation, and the like) by physical, chemical, optical, or
free-space interconnects. The components can be disposed
on mounts that can be disposed on a bulkhead for alignment
or physical compartmentalization. As a result, image recov-
ery apparatus 200 can be disposed in a terrestrial environ-
ment or space environment. Elements of image recovery
apparatus 200 can be formed from silicon, silicon nitride,
and the like although other suitable materials, such ceramic,
glass, or metal can be used. According to an embodiment,
the elements of image recovery apparatus 200 are formed
using 3D printing although the elements of image recovery
apparatus 200 can be formed using other methods, such as
injection molding or machining a stock material such as
block of material that is subjected to removal of material
such as by cutting, laser oblation, and the like. Accordingly,
image recovery apparatus 200 can be made by additive or
subtractive manufacturing. In an embodiment, elements of
image recovery apparatus 200 are selectively etched to
remove various different materials using different etchants
and photolithographic masks and procedures. The various
layers thus formed can be subjected to joining by bonding to
form image recovery apparatus 200.
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An imperfect imaging system does not perfectly repro-
duce the image of an object. This can be due to a variety of
factors, such as aberrations in the optical system, noise in the
detector, or distortions in the display. The imperfect imaging
system can include various components such as an object,
optical system, detector, display, and the like. The object is
the thing that is being imaged. It can be a physical object,
such as a person or a scene, or quantum object such as a
collection of cold atoms. The optical system is the part of the
imaging system that collects light from the object and
focuses it onto the detector. It can be a simple lens, a
complex mirror system, or a combination of lenses and
mirrors. The detector is the part of the imaging system that
converts light into an electrical signal. It can be a film, a
charge-coupled device (CCD), a complementary metal-ox-
ide-semiconductor (CMOS) sensor, and the like. The display
is the part of the imaging system that converts the electrical
signal from the detector into a visible image. It can be a
computer monitor, television, projector, and the like.

Operating an imperfect imaging system can include:
collecting light from the object by the optical system;
focusing the light onto the detector; converting, by the
detector, the light into an electrical signal; processing the
electrical signal by the display; and converting, by the
display, the electrical signal into a visible image. It is
contemplated that removing aberrations in an acquired
image from imperfect imaging optics can occur between the
detector and the display so that the display shows the
reconstructed image or the acquired image.

The properties of an imperfect imaging system can be
described by various factors that can include resolution,
contrast, noise, distortion, and the like. The resolution of an
imaging system is its ability to distinguish between two
closely spaced objects. It is measured in terms of the
smallest angle between two objects that can be resolved. The
contrast of an imaging system is its ability to reproduce the
range of brightnesses in an image. It is measured in terms of
the ratio of the brightest and darkest parts of an image. The
noise in an imaging system is unwanted signal that is added
to the image. It can be caused by a variety of factors, such
as thermal noise, shot noise, and read noise. The distortion
of'an imaging system is the alteration of the shape or size of
objects in an image. It can be caused by a variety of factors,
such as lens aberrations, vignetting, and geometric distor-
tion.

Imperfect imaging systems can be used for a variety of
applications, such as photography, microscopy, and medical
imaging. They can also be used for scientific research, such
as astronomy and astrophysics.

Exemplary imperfect imaging systems include: a camera
lens with aberrations that does not perfectly reproduce the
image of an object. This can cause the image to be blurry or
distorted. A digital camera with noise will add unwanted
signal to the image. This can make the image look grainy or
noisy. A microscope with distortion will not perfectly repro-
duce the image of a small object. This can cause the image
to be stretched or squeezed.

Bayesian inversion is a statistical method for solving
inverse problems. In an inverse problem, the goal is to infer
the state of a system from indirect measurements. For
example, in medical imaging, the goal is to infer the shape
and composition of an object from X-ray or MRI measure-
ments. Bayesian inversion is based on the Bayes theorem,
which is a mathematical formula for updating the probability
of'a hypothesis given new evidence. In the context of inverse
problems, the hypothesis is the state of the system, and the
evidence is the measurements. The Bayesian inversion algo-
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rithm can include various components, including selecting a
prior distribution for the state of the system, wherein the
distribution reflects prior knowledge about the system; com-
puting a likelihood function that gives the probability of the
measurements given the state of the system; computing a
posterior distribution that provides the probability of the
state of the system given the measurements and the prior
distribution; or sampling from the posterior distribution to
obtain a set of possible states for the system.

Bayesian inversion is a tool for solving inverse problems
that incorporates prior knowledge about the system into the
solution and is able to handle noisy measurements.

The process for removing aberrations in an acquired
image from imperfect imaging optics can include a conju-
gate gradient method. The conjugate gradient method is an
iterative method for solving systems of linear equations. It
is a very efficient method for solving large sparse systems of
linear equations and can be used in the solution of partial
differential equations.

In general, the conjugate gradient method is based on
minimizing the quadratic form ||Ax—b|]*, where A is the
coefficient matrix, b is the right-hand side vector, and x is the
solution vector. The method starts with an initial guess for x,
and then iteratively updates x to minimize the quadratic
form. The updates are made in a way that guarantees that the
search directions are conjugate with respect to the coefficient
matrix, which means that they are orthogonal to each other.
This property ensures that the method converges to the
solution in a finite number of steps.

A transfer function is a mathematical function that
describes the relationship between the input and output of a
system. In Bayesian inference, the transfer function is used
to describe the relationship between the prior distribution
and the posterior distribution. The transfer function is given
by the following equation:

P | )Px)

PeID =50,

where P(xly) is the posterior distribution, P(ylx) is the
likelihood function, P(x) is the prior distribution, and P(y) is
the marginal likelihood. The transfer function can be inter-
preted as the probability of observing the data y given the
prior distribution P(x). It can be used to update the prior
distribution to obtain the posterior distribution.

The transfer function has a number of properties. First, it
is a probability distribution that that satisfies the axioms of
probability, such as the axiom of total probability. Second, it
is non-negative so that the probability of observing the data
is always non-negative. Third, it integrates to unity so that
the sum of the probabilities of all possible outcomes is equal
to unity. The transfer function, in Bayesian inference, can be
used to update the prior distribution to obtain the posterior
distribution. This can help improve accuracy of estimates
and make estimates more robust to outliers.

As part of removing aberrations, a conjugate gradient can
be used. The conjugate gradient method is a very efficient
method for solving large sparse systems of linear equations.
This is because the method only requires the matrix-vector
product Ax to be evaluated at each iteration. This product
can be evaluated very efficiently for sparse matrices, using
techniques such as the sparse matrix-vector multiplication
algorithm. The conjugate gradient method is also very
robust. It can be used to solve systems of linear equations
with ill-conditioned coefficient matrices. This is because the
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method uses a line search technique to ensure that the
updates to x are made in a way that does not cause the
solution to diverge.

The conjugate gradient method for determining a solution
of a system of linear equations can include:

(1) Start with an initial guess for the solution vector x.

(2) Compute the residual vector ro=b—Ax,,.

(3) Set a counter i=0

(4) Compute the search direction dy=—A"T,,.

(5) Compute the step size a, by solving the equation

”ro_aod0|‘zzmina”ro_ad0”2~

(6) Update the solution vector x;=xXq+agd,.

(7) Compute the residual vector r;=b—Ax,.

(8) Compute the search direction d,=—A"T,.

(9) Increment i—i+1

(10) If |Iry|I<e or i>i,,,,, then stop. Otherwise, go to step

3.

In an embodiment, a conjugate gradient algorithm in the
Python programming language is shown in FIG. 15. Here, an
image is recovered from aberrated measurements. The vari-
able names are selected to correspond to those of the optics
problem at hand, not the standard symbols above.

The conjugate gradient method converges to the solution
of the system of linear equations Ax=b in a finite number of
steps. The number of steps depends on the condition number
of the coefficient matrix A. For well-conditioned matrices,
the conjugate gradient method converges in relatively few
iterations. For ill-conditioned matrices, the conjugate gra-
dient method can involve more iterations to converge.

Image recovery apparatus 200 and processes disclosed
herein have numerous beneficial uses. Advantageously,
image recovery apparatus 200 and processes disclosed
herein overcome limitations and technical deficiencies of
conventional devices and conventional processes. Indeed,
conventional high-resolution microscope systems employ
complex multi-element objective lenses for high resolution
diffraction-limited performance. Image recovery apparatus
200 and processes disclosed herein can eliminate need for
sophisticated high-cost objective lenses in many contexts
and can include low cost, off-the-shelf objective lens in the
imaging system, giving reduced losses and reduced com-
plexity, wherein image recovery apparatus 200 and pro-
cesses disclosed herein for digital aberration removal pro-
vide near-diffraction limited output images. For electron
beam optics, image recovery apparatus 200 and processes
disclosed herein simplify and economize conventional com-
plex electron beam optics, such as described in H. H. Rose;
Science and Technology of Advanced Materials 9 014107
(2016), which is incorporated by reference herein in its
entirety.

Image recovery apparatus 200 and processes disclosed
herein are adaptable, simple, effective, and applicable for a
wide range of imaging strategies and requires no custom-
designed, high-cost hardware. Accordingly, image recovery
apparatus 200 and processes disclosed herein can be
employed by optical engineers, biologists, hobbyist astrono-
mers, quantum scientists, and the like. Image recovery
apparatus 200 and processes disclosed herein have low
losses, which is important for quantum measurements with
applications in quantum control technology. Image recovery
apparatus 200 and processes disclosed herein can be used in
applications with significant constraints in the design of the
optical system that preclude conventional optical engineer-
ing, such as compact imaging systems where space is at a
premium, or electron imaging where the electron optics are
provide by electric and magnetic fields making aberration
compensation challenging.
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The articles and processes herein are illustrated further by
the following Example, which is non-limiting.

EXAMPLE

Self-Bayesian Aberration Removal Via Constraints for
Ultracold Atom Microscopy

High-resolution imaging of ultracold atoms typically
requires custom high numerical aperture (NA) optics, as is
the case for quantum gas microscopy. These high NA
objectives involve many optical elements each of which
contributes to loss and light scattering, making them unsuit-
able for quantum back-action limited “weak” measurements.
We employ a low cost high NA aspheric lens as an objective
for a practical and economical—although aberrated—high
resolution microscope to image 887 Bose-Einstein conden-
sates. Here, we present a novel methodology for digitally
eliminating the resulting aberrations that is applicable to a
wide range of imaging strategies and requires no additional
hardware. We recover nearly the full NA of our objective,
thereby demonstrating a simple and powerful digital aber-
ration correction method for achieving optimal microscopy
of quantum objects. This reconstruction relies on a high-
quality measure of our imaging system’s even-order aber-
rations from density-density correlations measured with
differing degrees of defocus. We demonstrate our aberration
compensation technique using phase contrast imaging, a
dispersive imaging technique directly applicable to quantum
back-action limited measurements. Furthermore, we show
that our digital correction technique reduces the contribution
of photon shot noise to density-density correlation measure-
ments which would otherwise contaminate the desired quan-
tum projection noise signal in weak measurements.

In many fields of study—from biophysics and medicine to
astrophysics and atomic physics—images are a key source
of data, making high-quality imaging systems essential. In
all cases experimenters desire the maximum possible infor-
mation from their images: imaging apertures limit the
detected information; system inefficiencies discard informa-
tion; and aberrations obfuscate what is finally detected. In
optics, sophisticated multi-element (and high cost) objec-
tives are able to image objects with resolutions approaching
fundamental limits. In many cases, either because of tech-
nical incompatibilities, conflicting requirements or simply
expense, these objectives cannot be employed. In quantum
gas experiments the object is an atomic sample encased in an
ultra-high vacuum system that introduces aberrations and
limits optical access. Here we describe a versatile micro-
scope for cold-atom imaging that fully uses the available
optical access with low-cost optical elements in conjunction
with a novel image reconstruction method, giving a com-
bined hardware/software system that recovers near-diffrac-
tion limited performance, i.e., uses the full NA of the lens.

Even “quantum gas microscopes”, the highest resolution
imaging systems employed in cold-atom experiments, use
algorithmic reconstruction techniques. These systems
employ custom designed, high numerical aperture (NA)
objectives to detect individual atoms in optical lattices by
detecting their incoherent fluorescence. The distribution of
atoms can be reconstructed using algorithms similar to the
CLEAN algorithm from radio astronomy that construct
distributions of point sources that are most consistent with
the data given the system’s point spread function (PSF).

In the case of coherent imaging, the observed aberrated
images of cold atoms are related to the desired aberration-
free images by multiplication of a contrast transfer function
(CTF) in the spectral (Fourier) domain. Because the CTF
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can reduce or eliminate the signal at some wavevectors,
information is lost and direct inversion is not possible. This
can be resolved with a pseudo-inverse that uses a Bayesian
prior in the vicinity of wavevectors with large information
loss, but the resulting reconstructions suffer from artifacts
and added noise.

Inspired by the application of constraints to the phase
retrieval problem in optics, we present a new and versatile
method that reduces artifacts in reconstructed images, while
increasing the signal-to-noise ratio (SNR). Spatially com-
pact systems have a finite spectral width. In the vicinity of
the zeros in the CTF, our method effectively uses as a prior
the weighted average of data from nearby wavevectors that
are unresolvable given the system’s assumed spectral width.
In this sense, data from the same image effectively serve as
a Bayesian prior for nearby points in the same image. As
such we have introduced a finite size constraint to the
problem of refocusing and correcting aberrations in images
of ultracold atoms.

In many cold-atom experiments further information is
contained in density fluctuations often parameterized by the
power spectral density (PSD). Example sources of correla-
tions include thermal noise at finite-temperature, quantum
fluctnations at zero temperature, or quantum projection
noise from the measurement process. Other noise sources
parasitically contribute to the PSD in experiments, and in
our case photon shot noise is the largest such contributor. In
perfect imaging systems, this can be minimized by first
windowing the data to contain only the region with atoms;
however, in defocused or highly aberrated systems the atom
signal is dispersed over much of the sensor and windowing
becomes impractical. We show that our aberration correction
method overcomes this: by correcting for aberrations we
first recover near-perfect images that then can be windowed
to minimize the contribution of photon shot noise.

Our data consists of images of ultracold atom ensembles
of roughly 10° atoms that both phase-shift and absorb an
illuminating probe beam. Together the absorption and phase
shift encode the density of atoms integrated along the
propagation direction of the probe beam giving a 2D image
of atomic density that we denote as an abstract “data” vector
d. We focus on linear imaging systems where, as we describe
below, aberrations and losses can be encoded as a linear
transform described by the operator H, the CTF. Here the
actual measurement outcome m is related to the desired data
via the linear transformation m=H d. For aberrated or lossy
imaging systems, information is lost going from d to m
making H non-invertable, or leading to noise amplification.

We therefore face an ill-posed inverse problem and
instead seek the pseudo-inverse H” that most faithfully
recovers d=H"”m. For example, the expression

1 M
HP (@)= ————Ht
@ HH +|of?

defines a Tikhonov pseudo-inverse. The eigenvalue expan-
sion for H'H indicates that lal? introduces a minimum
eigenvalue into the denominator of Eq. (1), thereby avoiding
singular behavior when any eigenvalue of H'H becomes
zero. Wiener deconvolution in signal processing is an
example of a Tikhonov pseudo-inverse, where different
values of lal? are associated with each eigenvalue of H'H.
Here, we derive a pseudo-inverse of the Tikhonov form by
combining a noise model of the measurement process with
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a Bayesian prior for the density distribution, asserting that
the distribution is confined in a compact region of space.

This paper is organized as follows: in Sec. 1 we present
a basic description of light propagating through a dilute
atomic cloud. Next, in Sec. 2 we provide a unified descrip-
tion of imaging cold-atom clouds, and identify absorption
and phase contrast imaging methods in suitable limits. In
Sec. 3, we discuss our aberration correction algorithm and
test it on simulated data. In Sec. 4, we describe our micro-
scope for imaging ®’Rb Bose-Einstein condensates (BECs)
and detail our implementation of phase contrast imaging.
Lastly, in Sec. 5, we apply our regularization method to
experimental data and compare with existing techniques,
and demonstrate the utility of our method by non-destruc-
tively imaging the thermal to BEC phase transition in-situ.
Fundamentals of Light Wave-Matter Interactions

The majority of ultracold atom measurements rely on
images of light that has interacted with an atomic ensemble.
As such, this section summarizes the theoretical description
of laser light propagating along e_ through a dilute atomic
cloud: a nonpermeable dielectric medium. We relate the
absorption and phase shift of the incident laser to a funda-
mental quantity in ultracold atom experiments: the 2D
column density p,,(r, )=[p(r)dz, where p(r) is the 3D atomic
density with spatial coordinates r=xe +ye +ze, and trans-
verse coordinates r,=xe +ye,.
The Paraxial Helmholtz Equation

We consider a monochromatic laser with wavelength A,
wavenumber ko=271/A, and angular frequency wy=ck, propa-
gating in a medium with complex relative permittivity
g(r)=€/e,. Here c is the free-space speed of light; € is the
permittivity; and €, is the electric constant. The optical
electric field e(r) is described by the vectorial wave equation

V2e() + ke(relr) = =V [e(r)- VIne(r)]. (3]

The right-hand side of Eq. (2) can be omitted when &(r)
is slowly varying. Since we consider an incident laser beam
traveling along e_, we isolate the z derivative to obtain the
scalar wave equation

_Pel) ®

ks

= [V +3]80) + Bx (&),
for each polarization. Here
Vi =9 [ox*+0% [ay?

is the transverse Laplacian and ¥(r)=e(r)-1 is the relative
susceptibility. Next, we assume that the variations of the
field along r, are on a scale large compared to A and express
the field as &(r,,z)=E(r , ,z)e"* emphasizing the propagation
axis e_. Inserting this expression into Eq. (3) and making the
paraxial approximation by dropping the 3*E(r ,z)/3z” term,
we obtain the paraxial Helmholtz equation

G

OE(r.,

= [V2 +IG () ]EC., 2),
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describing the paraxial wave field E(r ,z). In free space, with
%=0, Eq. (4) is exactly solved by the differential operator

K(As) = ‘VEA (&)
( Z)_epr% z|,

that transforms a field at position z to position z+Az accord-
ing to E(r,,z+Az)=K(Az)E(r,,z) for any Az. In the spectral
domain K(Az) is diagonal, allowing free-space propagation
to be implemented by simple scalar multiplication.

By contrast, no general solution exists when ¥(r)=0.
However, for Az small compared to the depth of field

(DoF)d 1 = 2ko [ Ko
the operator

+Az (&
R(Az) = exp[i% f )((r)dz], ©

approximately transforms the field a distance Az via E(r,
z+Az)=R(AZ)E(r | ,z). Where k,,,,, (bounded above by ko) is
the largest transverse wavevector in the detected optical
field. k,, ., is first set by the object plane field and then further
limited by the NA of the imaging system (see Sec. 4). In the
thin object limit 6z<<d,,,, where &z is the total thickness of
the object, Eq. (6) gives the field E(r ,z+8z) just following
the object without further consideration.

To describe the propagation of E(r,.z) through extended
objects, Eq. (4) can be evaluated numerically, for example
with split-step Fourier techniques. For this purpose, we
divide the evolution into spectral and coordinate steps. The
symmetrized expression

E(r,, z+ Az) ~ K(Az/2)RADK(Az/ DE(r., 2) @

is valid through second order in Az, as can be readily derived
from the Baker-Campbell-Hausdorff identity.

The optical field following the object E, travels through
an imaging system to the image plane, where its time-
averaged intensity L(r)=ce o|E(r)|*/2 (not field) is detected
by a charge-coupled device (CCD). The time-average results
from the fact that a typical =5 ps imaging time is vast
compared to the 21/, optical period.

Depth of Field Effects

In this section, consider extended objects for which the
thin object limit is inapplicable. A realistic object is present
only in some compact domain from z_ to z, along the axis
of light propagation e, We divide the field into two com-
ponents

E.(r.,2) = Eo(r., 2)+ 0E(r., 2) ®)

where E(r,.z) describes the field with no object [I(r,,z) is
the associated intensity] and therefore obeys the free space
paraxial wave equation, and OE(r,,z) describes the light
scattered by the object. We focus on the normalized scattered
field
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0E(r., z)
Eo(r., z)

®

S, z)=

subject to the boundary condition 8E(r,.z)=0 for z<z_.
When the DoF of Eq(r,,z) greatly exceeds the dz=z,—7_
extent of the object, f(r,,z) obeys

f(r., z) 1 ko
iy z_ko[vi”‘%x D) f e, 2= - XD,

i

a paraxial wave equation as in Eq. (4) with a source term.
Although an arbitrary field can have k,,,,, up to k, a typical
Gaussian probe beam has a large beam waist, giving small
a k,,,, with a large DoF. In the limit of small ¥(r,.z) and

f(r,,z), we obtain the first order approximate expression

0ft,D 1, )
I ek 2=

k 10
—702( k., o

in the spectral domain. We implicitly indicate Fourier trans-
forms by a wavevector such as k, as an argument. This
expression is exactly solved by

an

bz = o (7 v L d
flke, z)= sz (k., ) exp 12ko(z+ 2)| dz.

In the following, consider an imaging system focused at
z=0 and ask, “What infinitely thin object located at z=0
yields the same scattered field as an extended object does?”
This is answered by first finding f(k ,z,) (z>z, it obeys the
free space paraxial equation), then back-propagating f(k ,
z,) to z=0, finally giving

ik "7+ i (12)
Sor (k) = —f X k., z)exp|+i——z|dz.
2 J,o 2ko

Extending the bounds of integration to feo converts the z
integral to a 1D Fourier transform with a wavevector

I [ 2k,
leading to the final expression

k2 (13)

k. —@X k., = —ik—oX k.
Jopr (ko) = 2 R o (k).
The tilde in
Fleo, & [ 2ko)

emphasizes that the z index is Fourier transformed as well.
Here we interpret the field f,; as resulting from an effective
2D susceptibility ¥, 4k, ).

In many cases of physical interest, the 3D susceptibility
can be expressed in the separable form ¥ (r)=Z(z)}XY,p(r, ).
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where Z(z) is a normalized real valued longitudinal mode
function. In this case ¥, 4(k, )=h,(k )X, (k) where, antici-
pating the notation that will be used in Sect. 2.3, we define
the DoF contrast transfer function

haok.) = Z{kz = =k [ 2ko)

in terms of the Fourier transformed mode function, with
Z(0)=1 implied by Z’s normalization. Throughout this paper
we will take Z(z) to be symmetric, implying h,,(k,)=h,.
(k) is real valued.

For the special case of a Gaussian mode function with 1/e
width w_, the DoF transfer function is

W, k. (14)

1 2 4
hdgf (k*):expli—z(ddf) [k ) ]

As a consequence, the amplitude is suppressed for
increasing k,, but the phase is unaltered. At k, . the
suppression is exp[(—WZ/degf)z], implying that there is
negligible loss of information for objects appreciably thinner
than the DoF, i.e., w_<<d,

Atomic Susceptibility
For an ensemble of two-level atomic systems, the atom-

light interaction is captured by the electric susceptibility

-26 1s)

oo i
X(r)z—[—f -
1+ 1)+ 46

o ] P,

where 8=0/I" is the normalized detuning from atomic reso-
nance in terms of the detuning 8=wy-w,, and the natural
atomic linewidth I'; 7w, is the atomic transition energy;
I(r)=I(r)/I,,, is the optical intensity in units of the saturation
intensity I,,; and

Sat;
oo=6m/k

is the resonant scattering cross-section.

The atomic susceptibility ¥(r) is a complex quantity in
which the real and imaginary parts result from distinct
physical processes. The real part derives from stimulated
emission (i.e., forward scattering) resulting in a dispersive
atomic medium with a density dependent index of refrac-
tion. The imaginary part derives from spontaneous emission
(i.e., nominally isotropic scattering) resulting in a density
dependent absorption coefficient. As a result, the optical
field will be phase shifted and attenuated as it travels through
the atomic cloud. We correspondingly express the field just
after interacting with the atomic medium

Ei(ry, z+62) = e 000D B r, 7 (16)
in terms of an absorption coefficient

0op2p(r.) 1 an

2 14T +48

@)=
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and a phase shift

as)

d(r.) = =26a(r,).

These are both proportional to the optical depth

opir=-n[ 222 @
Lo(r.)
via the relations
OD () (20)
a(rl)=
2
and
¢ (r.)=—60D ().

The 2D column density is related to the optical depth in
terms of both the detuning and intensity

Topap(r.) = [1+48°)0D0.) + Tolr)[1 - OP02), @n

This expression shows that irrespective of how it was
obtained, the optical depth serves to define the column
density. In the limit of small optical depth, Eq. (21) reduces
to

Topaplr) = [1+ To(r) + 457 J0D( ) @2)

this could result from any combination of low density, large
detuning or high intensity. For a spatially thin medium
(8z<<d,,p and imaging with low intensity laser light
(I5<<I,,,) on resonance (8=0), the optical depth following
Eq. (21) is OD(r,)=6¢P,p(r,)-
Imaging Techniques with Cold Atoms

In this section, we describe two well-established imaging
methods that are frequently employed in cold-atom experi-
ments: phase contrast imaging (PCI) and absorption imaging
(AI). We begin with the analysis of the general imaging
scheme illustrated in FIG. 4, which includes a small phase
shifter (phase dot) that is absent (i.e. gives O phase shift) for
AlL

The object attenuates and diffracts the incident light, as
described by Eq. (16), which can be re-expressed in terms of
unscattered and scattered components. Using Eq. (8) this
gives the object plane field

E (e, 2) = Bolre, 2+ Bolr,, 2)]e#007000 1], @3

A phase dot shifts the optical phase of the unscattered
light by 0, giving the image plane field

Ey(r., 2) = Eolr.., 2)exp(if),
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while leaving the scattered component unchanged. The
resulting expression for the normalized image plane field
after interacting with the atoms and the phase dot is

L. or 24
ET(V Dy b o grer ], @4
Eylrs, 2)
Equation (20) leads to the relation
B0, . 1 (25)
—E(’)(r*, oo 1+e {exp [—(2 + 16) oD (r*)] - 1}

between the normalized field and the optical depth. Experi-
mentally we detect the intensities

()

and

L(ro),

the image plane intensities associated with the object plane
intensities [o(r,) and L.(r,). Equation (25) leads to the
normalized signal

gh(r.) =2cos(@) — e 0P — 1 ¢ (26)

2e7PI2 5 [cos(80D(r..)) — cos(8 + 5OD(.))),

where

go(r) =1 -1 (r)/r).

This noninvertible expression is applicable to both Al and
PCL

In the following sections we derive the optical depth from
this transcendental equation in limits appropriate for Al and
PCI, and thereby leading to the column density through Eq.
@n.
Phase Contrast Imaging

In 1932, Frits Zernike invented PCI as a phase sensitive
imaging method utilizing the nonuniform refractive index of
an object to reveal features that are invisible in other
imaging techniques. Since then, PCI has found application
in various fields as a noninvasive in-situ imaging method. In
this section, we first introduce the basic principle of PCI and
then derive the theoretical toolbox enabling a quantitative
treatment of PCI in ultracold atom systems.
Principle of Phase Contrast Imaging

PCI is an interferometric technique sensitive to the phase
shift of light having propagated through an object. The
extensive application of the technique stems from the
elegant simplicity of the required instrumentation. By
imprinting a position dependent phase shift ¢(r) onto the
incident field, the object diffracts part of that light (see FIG.
4). PCI can be understood as an interferometer in which the
unscattered component is the reference beam (the local
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oscillator) and the scattered component carries information
about the object. These two components share the same
optical path making PCI robust against vibrations in the
imaging system.

Both components are collected by an imaging lens that is
positioned at its focal distance f; from the object. The
unscattered light comes to an intermediate focus at the back
Fourier plane of the lens, spatially separating the scattered
and the unscattered components. A small dielectric dot
(phase dot) just larger than the focused unscattered beam is
positioned at the Fourier plane as shown in FIG. 4. The
phase dot shifts the phase of the unscattered light by 8 but
leaves the scattered component unchanged. A second imag-
ing lens with focal length f, forms an image plane where
scattered and the unscattered components of the wave field
interfere. At the image plane intensity is detected, with an
overall magnification M=f,/f;.

Phase Contrast Imaging with Ultracold Atoms

The PCI intensity encodes information about the object-
plane phase from which we extract the optical depth of the
atomic cloud. In the limit of large laser detuning, where PCI
is typically applied, we neglect absorption because o<<¢. In
this limit, Eq. (26) for the normalized intensity reduces to

go(r) = 2{cosf + cosp(r.) — cos[0 + ¢(r.)] — 1} 27

In the limit of small phase shift (i.e., ¢<<1) the normalized
PCI intensity

g (r) ~ 26 (r.)sin8 =5 26 () 8

is linearly proportional to the phase shift imparted by the
object and maximized for 8=n/2. PCI yields an increased
sensitivity for weak phase objects compared to other dis-
persive imaging methods. Lastly, we obtain the optical depth

_ 1 29
ODpcy (ro, 8> 1) = 3 8o=rj2 71)

using Eq. (20).

The minimally destructive nature of PCI measurement
becomes evident for large detunings. In the limit 6>>I" while
the phase shift imparted by the atomic system is «1/3, the
spontaneous emission rate is o<1/8%. As a result, atom loss
due to radiation pressure becomes negligible. Hence, in
ultracold atom experiments PCI is typically employed to
non-destructively image high column density atomic clouds
in-situ and at large detuning.

Absorption Imaging

Al of ultracold atoms usually employs resonant or near-
resonant laser light, i.e., 18I=SI', where the spontaneous
scattering of photons creates a shadow in the outcoming
light wave. We measure this shadow and infer the column
density of the object from the resultant images.

The imaging system in FIG. 4, introduced in the context
of PCIL, is applicable to Al provided the phase dot is
removed. Accordingly, we apply the formalism in Eq. (26),
with 8=0. The on resonance (8=0) optical depth in terms of
the detected normalized intensity in the image plane is

OD 4 (r.) = —In[1 - gh_o(r)]. (30)
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Partial Transfer Absorption Imaging

The high-optical density of most BECs prevents the direct
observation of their density in-situ using standard AL. Dense
clouds absorb the vast majority of the incident probe laser,
leading to ODs greatly in excess of 1. This compromises the
SNR, and in practice, background light and the dynamic
range of typical CCDs limit Al measurements to OD=4.
Although detuning the probe beam reduces the atomic
cross-section, the cloud behaves like a gradient index lens
leading to imaging distortions. Dispersive imaging tech-
niques such as PCI, dark-field imaging and Faraday imaging
can operate at large detuning >>T", where phase shifts are
small and lensing effects are thereby reduced. Partial transfer
absorption imaging (PTAI) is an alternate approach for
imaging high density atomic ensembles. In PTAIL, an RF or
microwave pulse transfers a fraction of the atoms from a
dark state to a bright detection state where they are absorp-
tion imaged. In this way, PTAI mitigates large OD effects
and can yield minimally destructive repeated images of the
same atomic system.

In our specific experiment PTAI has additional quantum
projection noise effects. For deeply degenerate interacting
BECs, number fluctuations are greatly suppressed; the
RF/microwave transfer process in PTAI then leads to
enhanced atom shot noise similar to how a beam splitter
introduces vacuum port noise in quantum optics. In Sec. 5.1
we utilize this fact when measuring the pupil function of our
microscope.

Aberrations

Here we model aberrations as a Fourier pupil function that
both phase-shifts and attenuates the optical field as a func-
tion of wavevector. Importantly, this model can only treat
aberrations where the PSF—the magnitude squared of the
impulse response function—is the same everywhere in the
observed field of view.

Motivated by our introduction of regularization, we intro-
duce the forward transfer function

hp(k,) = e YkHBED [€29)]

describing the navigation of fields through our imaging
system (neglecting the PCI phase dot) via

El k) = hp(k)E ok

Here y(k |) describes attenuation and B(k ) describes phase
shifts. Even ideal imaging systems will have contributions
from these terms. For example, defocus will contribute a
quadratic

Bkl

term, and the NA limits the maximum accepted wavevector
to ky4=NAXk,, implying y(k,)— for [k, [>ky,.

In our discussion of PCI, we assumed that the field Eq(r, )
with the atomic ensemble absent is slowly varying and
therefore contains Fourier components only near k , =0. Thus
following the imaging system it is transformed to

Ej(r) = hg(OEo(r.).
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Including the impact of the phase dot as well as DoF effects
introduced in Sect. 1.2, we arrive at the image-plane field
ratio

bk OEG) g
he(0) Eo(r.)

(32)

SeL) = hagr (k)

Linearizing Eq. (23)_connects the image-plane field ratio
to the optical depth via

fk) = hyp(kHOD(K L), (33)
in terms of the total transfer function
I 34
Bulee) = o = + 6 hagp (k) E(( )) -6

Here @, defined via tan =29, describes the complex angle
associated with the atomic susceptibility. We see that the
k=0 contributions to the pupil function have no impact,
implying that any inferred dc component to the pupil func-
tion only results from detuning and the PCI phase shift as
parameterized by ¢—6.

Expressing this ratio as an intensity in coordinate space
and converting back to the spectral domain gives

() (35)

8 (kL) = Thip () + B (=K )] OD(L),

where the quantity in square brackets is the contrast transfer
function that encodes the optical depth as a change in
fractional intensity.

This expression takes on a more conventional form when
v and B are expressed in terms of their symmetric and
anti-symmetric contributions, i.e., Y.(k )=[v(k *y(-k )1/2,
and making the reasonable assumption of symmetric attenu-
ation (y_=0). Then we obtain

he) = A1+ 485 gyl e 76860 s cos B (k) + g — 0] OO

For absorption imaging (6=0) of thin objects [h,,,(k,)=1]
with no loss (y=0) and a quadratic phase shift

B = zk. [2ko,
we arrive at the well-known result
h(k.) = cos(zk? /2ko ) + 28sin(zk2 /2ko ),

which results from defocus by a distance z [see Eq. (5).
Furthermore, our result shows that up to an overall sign far
detuned PCI with l@I=I8l=nt/2 obeys the same CTF as
resonant Al

These pupil functions can be calibrated using the fluctua-
tions 8OD(r, )=0D(r,»-(OD(r,)}, where ( . ..} denotes
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the average over an ensemble of images of cold atoms.
Assuming spatially uncorrelated density correlations, i.e.,
(80D(r)80D(1r'))e< 8P (r—1"), where 8*(r,) denotes the 3D
Dirac delta function, the power spectral density is

(160D ) o 37

e 7+ eosh[2y- (k)] + hgr (k. )eos[28, (k) + 2(e — O]}

This signal is sensitive to all components of the pupil
function except B_. In Sec. 5.1, we use this signal obtained
at a range of image planes to extract low noise maps of the
pupil function.

Signal-to-Noise Ratio

In this section we compare the SNR of PCI and Al In our
measurements, we detect probe pulses of duration At on a
CCD sensor of square pixel size Ax and quantum efficiency
q. The intensity at pixel coordinates i is [=N,1,,, where N,
is the number of photo-electrons and L, =fiwy/MAAL is the
intensity required to generate a single photo-electron given
the single-photon energy iim,=cfik,. In a single experimen-
tal shot, our measurement techniques employ three images
that yield (1) I, ; of the probe in the presence of atoms, (2)
I, of the probe field without the atoms, (3) I, ; with no probe
light. For the remainder of the manuscript, we will omit the
prime notation that distinguishes the image plane from the
object plane. We subtract I, ; from I_; and I, to eliminate
any baseline from background 111um1nat10n

In bright field detection techniques, photon shot noise is
the dominant source of noise, thereby we neglect other
sources of technical noise such as dark current and read
noise. Photon counting can be modeled as a classical Pois-
son process where individual photon detections are treated
as independent events with an uncorrelated temporal distri-
bution. Photon shot noise (more specifically the shot noise
of the detected photo-electrons) explains the width of this
distribution, which has its variance equal to its mean. We
model each detected image [,=(1;)+0l; as the sum of its
mean (I,) and measurement noise dI; (we will only consider
zero mean random variables, i.e., (8l,) =0). Then the spa-
tially uncorrelated photon shot noise is described by

(01;61y) = 61,:" pe<11'>> (38)

where 9, ;. is the Kronecker & function. Next, we consider the
noise in the fractional intensity gq. In practice, we construct
the background image I, ; by averaging many images of the
probe beam with no atoms present, and as a result it
contributes negligible photon shot noise. With this assump-
tion and following Eq. (38), the noise in the fractional
intensity is

yg dee 39)

L

(Ogibgy

Assuming that both the phase shift and OD are small, the
noise variance of the OD deduced from PCI using Eq. (29)
is

(40)

1 2
(80D,60Dy ypcr = 6, 4—32<6gi )-
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For Al using Eq. (30) noise variance is

“41)

{oe?)
(6OD;60Dy ) 41 = 6, - (g,')]z.

Together these expressions show that near resonance the
SNR of Al exceeds that of PCI, while far from resonance
PCI has the larger SNR. In addition, the noise variance for
Al diverges at large optical depth (where (g;) —1) because
the fractional photon shot noise increases with increasing
absorption; this emphasizes the importance of PCI or PTAI
for large OD systems.

Comparing the expressions for PCI and Al, we see that for
fixed I, ; (fixed back-action on atoms) the noise variance in
PCI is lower by a factor of 8 compared to that of Al for large
detuning and small absorption, i.e., low optical depth. This
implies that Al cannot be a back-action limited measurement
in this limit.

Regularization

We consider the general inversion problem where the
linear operator H describes a forward transformation to the
measurement basis described by vectors m, according to
m=H d, where we read m as the measurement outcome and
d as the desired data. Our approach follows a Bayesian line
of reasoning, where we include a pair of priors and seek the
most likely vector d given these priors.

Bayesian Framework

Before moving forward, we introduce a Gaussian prior

distribution function

d-p'ald-p “2)

Py(d; p, &) oc exp|— 3 >

giving the probability of finding the data vector d condi-
tioned on knowing a prior p with confidence expressed by

the covariance matrix E. The diagonal entries of the cova-
riance matrix

2. = &2
By =&

derive from the conventional single-sigma uncertainties &;.
An analogous distribution P,,(mq;m,X) applies for measure-
ments, giving the probability that the “true” measurement
outcome was m, conditioned on having observed m and
knowing the covariance matrix ¥, with diagonal entries

By combining these expressions we obtain

P() o Py(d; p, B) X Py(Hds m, )), “3)

the probability of finding the data vector d, with forward
transform H d, conditioned on both p and m. Here we select
the most likely d as our pseudo-inverse, i.e., we employ
maximum likelihood estimation.

By taking —2 In P(d) we recast the inversion problem as
a minimization problem with the quadratic objective func-
tion
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E=o’d—p)'T d-p)+ (Hd - mﬁi1 (Hd — m). “H

Here we introduced normalized covariance matrices
=8
and
j = Z/ U'zm'n,
where
.
is the largest eigenvalue of
T onin
is smallest eigenvalue of X; and
& = ThinlEma

will function as a regularization parameter. The first term in
Eq. (44) describes the uncertainty-weighted difference
between the prior p and the reconstruction d, and the second
term measures the uncertainty-weighted difference between
the measurements m and the prediction of the reconstruction
Hd.

The objective function can be simplified by making use of
the Cholesky decomposition, where the symmetric covari-
ance matrices are expressed as

> =cxch and B= cecL
This leads to the simplified objective function
E=|d —w'*+}d - p| (45)
in terms of a new operator
J = C5 HCs,
and new vectors

m' =Cslm,d = Cg'd

and
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Since Eq. (45) is a quadratic form it has a unique
minimum, which we obtain by setting the gradient

Vo E=2le?+J0)d - T —a?p] (46)

equal to zero, where V . is the gradient with respect to the d'
vector. This gives the root

& = (e? + 1) (Ut + P p) (47, 48)

Sl st) st

where in the second line we selected the p'=0 null prior,
thereby replicating the generic Tikhonov form presented in
Eq. ().

Specific Implementation

Having employed a standard Bayesian framework to
obtain a maximum-likely reconstruction, we now specialize
to our imaging application.

Our method uses this framework by adding new infor-
mation: outside some window no atoms exist, but the atomic
distribution within that window is completely unknown. We
thereby accept the p=0 prior outside the window by setting
£,—0 in that region, and reject the prior inside the window
by setting §j=1 with o<<1, implying that  is diagonal in the
final spatial basis. In principle ¥ includes all known sources
of uncertainty: in our case only photon-shot noise in the
detection system is significant, making ¥ diagonal in the
initial detection basis. Lastly, we constrain our implemen-
tation to imaging imperfections described by Eq. (35),
giving a forward transfer function h, that is diagonal in the
spectral basis.

Typical images are on the scale of =10°x10* pixels and
therefore reside in a =10° dimensional vector space. Since
the resulting 10°x10° matrices in Eq. (48) are too large to
manipulate directly with today’s desktop computers, in the
following we describe implementations that do not require
their explicit construction. For selecting a real-space grid
large enough for artifact free reconstruction, in general,
padding the measured image m can be involved.

Spectral Tikhonov from Uniform Uncertainties
In the special case of uniform uncertainties—with

Zil 5T T Gipizs

and 0=0/&—it is natural to work in the spectral basis where
H is diagonal and Eq. (48) reduces to

i

= my.
@ + [l

“49)

This special-case expression is again of the Tikhonov
form, but by contrast to the general solution in Eq. (48) it is
diagonal in the spectral basis, making its deployment
straightforward. In practice, the regularization parameter ¢
is empirically chosen and this inversion approach has been
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previously used to correct for the quadratic order aberrations
resulting from defocus in cold-atom systems] as well as
electron microscopy of biological systems.
Ad Hoc Convolution Approximation

Motivated by the simplicity of Eq. (49), we now derive an
approximation to Eq. (48) that can still be implemented by
multiplication in the spectral basis.
We again assume uniform detection uncertainties, but now
allow 5 to be a window function which is diagonal in real
space (and therefore implemented by a convolution in the
spectral basis via the Fourier convolution theorem). In the
following discussion we use explicit summations rather than
linear-algebra notation for an unambiguous presentation.
These assumptions lead to the simplification £, &, ., Hy ..
m, =X, E;_ h,m,, allowing zero-gradient condition to be
written as

Z (0‘26"1 It Ekl —H |hkz |2)de = ZEQ —H h};z My -
53 53

We then make the ad hoc approximation of pulling d,
outside of the convolution, giving the simplified result

= " 50
Zkl Sk—ky hkl Mgy G0)

d &= -
RS WA

The intuition behind this expression is that any zeros in
the denominator are lifted by convolving with the Fourier
transform of the window function—a smoothing process—
thereby providing a form of regularization even for a=0,
making this a self-Bayesian method where the data serves as
its own prior. However, when the zeros of the CTF are broad
in the spectral domain as compared to the inverse width of
the window function, this method will still lack sufficient
information to estimate the recovered function, and a non-
zero value of a will be required.

With reference to FIG. 14, Algorithm 1 outlines the
computational steps to implement the ad hoc convolution
approximation. In this pseudo-code, the Fourier transform
FT,(m,) indicates that the resulting vector will have the
momentum index k. Expressions such as =  IFT (IH,?%)
describe element-by-element multiplication and do not fol-
low the Einstein summation convention, which would con-
tract this quantity to a scalar. We evaluate the required
convolutions via the Fourier transform-convolutions theo-
rem, and hence Algorithm 1 does not require the explicit
construction of large matrices.

Full Method

In the full evaluation of Eq. (48), we employ a conjugate-
gradient algorithm, an efficient method that can be imple-
mented without explicit construction of large matrices.

With reference to FIG. 15, Algorithm 2 charts our con-
jugate gradient approach implementation. Using this method
the objective function in Eq. (44) converges to within =0.1%
of its asymptomatic value within 50 iterations. We also
implemented an adaptive step size gradient descent method
with similar performance, but added complexity. Therefore,
we use the conjugate gradient algorithm to implement the
full method reconstruction, both for simulations and experi-
mental data.

Numerical Comparison: Images

In this section we numerically compare the reconstruction

methods described above: the conventional spectral “Tik-
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honov” method (Sec. 3.2.1), the ad hoc method (Sec. 3.2.2),
and the full method (Sec. 3.2.3)].

We modeled PCI imaging of an anisotropic BEC with
1.2x10° atoms and Thomas-Fermi (TF) radii of R =43.6 ym
and R,=3.5 pm. In our model, we simulated the imaging
system described in Sec. 4, with aberration coefficients
given in FIG. 16, and used representative experimental
measurement parameters (see Sec. 5); both photon and atom
shot noise were included as Poisson random processes.

We use the same overall analysis procedure both for
simulated and experimental data:

for each measurement j, obtain three raw images

19,1, and 1Y

(for simulated data

g

is not needed);

compute the averaged dark frame

Ip={I;

remove the averaged dark frame from the remaining
images:

19519~ 1y and 1Y » 19 - Ip;

reduce noise and artifacts by reconstructing

)
If(’]CA

with principle component analysis (PCA) techniques from
the full set of

{Iéj)}]"

For simulated data there are no imaging artifacts and

)
If(’]CA

is replaced with a modeled shot-noise noise-free probe;
construct PCI signal

) o
gl =1-1911%;

except when otherwise stated, apply a Fourier window to
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(0]
g}{C]

describing the known aperture to eliminate photon shot
noise present at wavevectors where no signal is present; and
optionally apply an image recovery technique to

)
g (PIC] .

The left column of FIG. 5 depicts modeled PCI data under
different conditions. Panel (a) begins by showing an image
from an ideal NA-limited imaging system, while (b) intro-
duces aberrations. Panel (c) shows that conventional Tik-
honov reconstruction using o=0.1 gives significant added
noise and introduces small artifacts parallel to the main
reconstitution. The regularization parameter & was selected
to make the noise and artifacts similar in amplitude. Panels
(d) and (e) show reconstructions from the ad hoc and full
methods respectively, using an elliptical Tukey window with
major and minor axes (1.25xR,, 1.5XR,) depicted by black
ellipses, and Tukey parameter 0.25. Both methods appear
virtually indistinguishable from the ideal case in (a). The
vertical cross sections plotted in the right column of FIG. 5
compare the uncorrected data and our three reconstruction
methods to the ideal data in more detail; the regularization
parameter 0:=0.1 was used in all cases. The uncorrected data
[(b) orange curve] bares virtually no resemblance to the true
signal (dashed curve), while the reconstructed signals
approximate the true signal with differing degrees of accu-
racy. The Tikhonov method [(c) blue curve] accurately
recovers the overall shape of the desired distribution, but
adds significant noise; increasing a decreases the added
noise at the expense of reduced accuracy in the recovered
signal. The ad hoc method [(d) green curve] has greatly
reduced noise but introduces artifacts at the edge of the
Thomas-Fermi distribution. Lastly, the full method [(e) red
curve] retains the low noise of the ad hoc method while
eliminating its artifacts, thereby recovering the true signal
with even increased accuracy. We note that all three of these
methods underestimate the PCI signal; this results from the
small signal linearization leading to Eqgs. (33) and (35). In
principle this is not needed, but the resulting minimization
problem is non-linear and beyond the scope of this paper.
Numerical Comparison: Correlations

Density-density correlations present in the fluctuations
(noise) of cold-atom images can be directly related to the
static structure factor. As established in the previous section,
our ad hoc and full methods produce low noise reconstruc-
tions; this section takes the next step by analyzing correla-
tions in these reconstructions. Here we quantify structure in
the fluctuations in terms of the PSD given by PSD(&d)=
(IFT(8d)I*), where 8d=d—(d) describes the fluctuations
observed in a single experiment. Artifacts in the PSD
introduced by imperfect imaging systems can be compen-
sated for; however, previous work did not consider refocus-
ing images. It is far from clear if refocusing techniques
correct correlations, indeed, contrast transfer functions
introduce correlations in otherwise uncorrelated noise,
potentially rendering these methods unsuitable for correla-
tion analyses. FIG. 6 illustrates the viability of these refo-
cusing methods via simulations of systems with spatially
uncorrelated atom shot noise giving uniform PSDs.

The left panel in FIG. 6(a) plots the PSD resulting from
an ideal NA-limited imaging system evidencing signal
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within a central circle defined by the system’s NA, i.e.,
Iki<k,,. Outside this circle, the PSD takes on a non-zero
background value from photon shot noise. The central image
plots the PSD when no atoms are present, showing that the
photon shot noise signal is constant: as is expected for
spatially uncorrelated noise unaffected by the microscope’s
NA or aberrations. In these simulations the photon shot noise
contribution is minimized by applying the elliptical Tukey
window plotted in FIG. 5(a). In this way, photon shot noise
from regions with no atoms is eliminated. Lastly the right
image plots the atom-signal alone, obtained by subtracting
the PSD with no-atoms (photon shot noise only), from that
with atoms (containing signal and photon shot noise). The
final panel plots a horizontal cross-section illustrating the
SNR=10 of the correlations.

FIG. 6(b) plots the same quantities computed for our
aberrated imaging system showing the appearance of struc-
ture in the PSD from aberrations. These data required a
real-space window functionx10 larger along e, to capture the
full diffraction pattern [FIG. 5(b)]. To compensate for the
added photon shot noise, we increased the imaging pulse
duration from 20 ps to 200 ps. In practice this imaging time
is unrealistically large, so further averaging would be
required instead; this makes correlation analyses of highly
aberrated PCI images impractical.

FIG. 6(c)-(e) addresses the degree to which our regular-
ization methods recover the PSD of the ideal imaging
system. FIG. 6(c) shows that the Tikhonov method adds
significant structure to the photon shot noise background as
well as greatly reducing the SNR of the differenced PSD. By
contrast, (d) and (e) show that the ad hoc and full methods
imprint sequentially less structure to the photon shot noise
and recover the ideal PSD with increased fidelity.

FIG. 7 plots the integrated PSD within the allowed NA
window as a function of detuning & along with a pair of
dashed lines showing the expected

1/8

scaling. All uncertainties herein reflect the uncorrelated
combination of single-sigma statistical and systematic
uncertainties. The dashed lines differ only by a factor of two,
showing that the three reconstruction methods yield a signal
about a factor of two below the ideal case, resulting from the
actual information loss in the process of being aberrated. As
was anticipated by the individual PSDs, the Tikhonov
(green) method exhibits excess noise somewhat in excess of
the ad hoc (black) and full (red) methods. The reduced PSD
signal of the reconstructions at small 8 result from the PCI
signal

&> 1,

invalidating the small-signal approximation used in deriving
the CTF. The inset plots the standard deviation APSD of the
integrated PSD over an ensemble of 200 images; all three
reconstruction methods show similar noise performance at
small 9, and as noted above the Tikhonov method shows
excess noise at large 8. The grey symbols plot the noise of
the aberrated case, which owing to the x10 larger real-space
window function suffers from excess photon shot noise. The
knee in the aberrated data results from a regime (small d)
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where atom shot noise is a significant contribution to a
regime (large 8) where photon shot noise dominates.
Ultracold Atom Microscope

We imaged BECs at high resolution using an ultracold
atom microscope based on a single low cost and high NA
aspheric lens as the objective lens, shown in FIG. 8. The
optical system consisted of back-to-back Keplerian tele-
scopes with total magnification M=36.3. The first stage used
an objective lens (L1, with focal length f;=31 mm, Edmund
Optics part number 49-115) with numerical aperture
NA=0.32 (larger NA is not possible in our apparatus because
of the coil holders shown in FIG. 8). The second lens (L.2)
with £,=300 mm was an achromat with a 50.8 mm diameter,
selected to minimize vignetting effects. The second Keple-
rian telescope consisted of a pair of lenses (1.3 and L4) with
focal lengths £,=100 mm and £,=400 mm. The resolution of
our microscope, defined by the Rayleigh criterion, was
diffraction limited with =0.612/NA=1.5 pm at the imaging
wavelength of A=780 nm. The Rayleigh criterion is the
radius of the first minimum of the NA limited intensity
pattern of an imaged point source, i.e., an Airy pattern. An
electron multiplying CCD (EMCCD) with 1024x1024
square pixels (with 13 um pixel size) was placed at the
image plane located at the focus of 1.4, where a diffraction
limited spot was about 4 pixels in radius. The electron
multiplication stage in effect increases the shot noise by a
factor of \/7, for bright-field imaging this can be modeled as
a reduction of the quantum efficiency by V2.

Our imaging system included an adjustable mask at the
intermediate image plane, allowing us to image elongated
atomic ensembles while leaving the majority of the sensor
dark. This enables repeated minimally destructive (ideally
quantum back-action limited) measurements of the same
ensemble, using the “fast kinetics mode” available on some
CCD sensors. All PCI images reported in this paper were
taken with the mask fully open, i.e., non-masked and hence
the mask is not shown in FIG. 8.

We implemented PCI using a 25.4 mm diameter phase
plate (manufactured by Lexitek, Inc.) containing a phase dot
37 pm in radius and 19.5 um thick. This plate was positioned
at the Fourier plane of the second Keplerian telescope. The
nominally Gaussian probe beam, i.e., light which has not
been scattered by the atoms was focused by L3 to a 26 um
1/e? radius in the phase dot. By contrast the scattered light
was confined to a much larger =3.8 mm radius disk. As a
result, virtually all of the unscattered light traveled through
the phase dot, while nearly none of the scattered light did.

EXPERIMENTAL RESULTS

We imaged highly elongated ®’Rb BECs in-situ using PCI
and PTAL The N=1.2(2)x10° atom BECs were created in the
I[F=1,m,=1) electronic ground state, and were confined in
an elongated crossed optical dipole trap (ODT) with fre-
quencies (®,, ©®,, ®)=21x[12.2(1),153.2(3),175.4(5)] Hz.
We obtained N from the in-situ long-axis TF radius R ,=43.6
(9) pm, resulting in R;=3.5(1) pm and R =3.0(1) pm. In
addition we applied the Castin-Dum scaling theory to sepa-
rately measured time-of-flight (TOF) images, and found
N=1.9(3)x10°, which would imply an R =48(2) um that is
inconsistent with our in-situ observations.

Our probe laser couples the ground [F=*,m.=2) state to
the excited

|F" =3, my=3)
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state. As a result, we transferred the atoms from IF=1,
mg=1) to IF=2,mF=2) using a 68 us resonant microwave
pulse prior to PCI imaging. For PTAI we used a weaker
microwave pulse to transfer=10% of the population to
I[F=2,m,=2) . In both cases, the imaging pulse was 20 ps in
duration and had intensity I/I,=2, where [, =1.67
mW/cm?,

Our near-resonance “absorption imaging” measurements
were altered by the presence of a phase dot in our micro-
scope. The OD in this case is given by

ar(r.) = /:7( (r.) Gb
OD (7. — ri)s
6g€ /2

where we evaluated Eq. (26) assuming both OD<<1 and
0<<1. Interestingly this is the same expression as for PCI
given in Eq. (29), although the resulting signal is from
absorption not phase shift.

The remainder of this section proceeds as follows. First,
we describe our experimental protocol extending Eq. (37)
for characterizing the microscope’s Fourier pupil function
using PSDs obtained from near resonant PTAI images. We
then contrast high-resolution PCI images of our BEC recon-
structed using the standard Tikhonov method with those
from our full method. We conclude by applying our full
method to in-situ imaging of the thermal to BEC phase
transition, which is difficult to resolve in our aberrated raw
data.

Fourier Pupil Function Measurements

We experimentally characterized the Fourier pupil func-
tion of our ultracold atom microscope utilizing density-
density correlations and the BEC’s TF distribution. As
discussed in Sec. 2.3, PSDs provide information about
aberrations present in imaging systems. We extracted den-
sity correlations in the fluctuations of cold-atom images and
obtained experimental PSD similar to the numerical model
shown in FIG. 6 (). The PSD contains no information about
the anti-symmetric phase B_ contributions to the pupil
function, and instead we used the difference between the
reconstruction and the expected TF distribution to constrain
B_.

Our strategy for measuring the Fourier pupil function via
PSDs combines two critical elements to deliver increased
precision. First, we obtained the PSD from in-situ PTAI
images. As described in Sec. 2.2, PTAI introduces uncorre-
lated atom shot noise to deeply degenerate BECs; the
observed PSDs then carry the imprint of our microscope’s
aberrations upon a featureless background. Second, we
deliberately defocused our microscope by translating L4, the
lens immediately preceding the EMCCD (see FIG. 8), away
from the established focal position at 6z, ,=0 cm. Changing
the focus by a small distance z adds a quadratic phase shift

2k2 2k,

to the pupil function as introduced in Sec. 2.3. Then PSD
measurements taken at different image planes differ only in
their

20

25

30

35

40

45

50

55

60

65

34

terms. Consequently, by performing a joint fit to a family of
such PSDs we quantified the imaging system’s even-order
aberrations with increased precision.
Correlations Fit Function

Following the aberration model discussed in Sec. 2.3, we
employed a fit function that accounts for optical aberrations
as well as unwanted “surface effects” (including reflections,
along with losses within the optical elements), and aperture
limits. The attenuation parameter

yele) = Vit +vitk.)

describes the exit pupil apodization, where we have intro-
duced surface and aperture contributions

el

and

Because our imaging system is well aligned on the optical
axis, we assume Y_(k,) has no surface components, i.e.,

Y= =y,
These variables allow us to re-express Eq. (37) as

(160D )?) o e*zvi(h){%[Az(k* )+ AX=k)] + G2

haor (k)AL ) A(=k )] X cos[28. (k) + 2y - 9)]},

where A(k l)ch’/‘(’”). We interpret A(k,) as a window
describing the aperture. We model A(k,) as a boxcar win-
dow function that takes on values of either 1 (inside) or 0
(outside) so A’=A. We empirically determined A(k ) based
on prominent structures in the measured PSD that result
from the known experimental geometry of our apparatus.
The details of this procedure are given in the following
section.

Second, we characterize the phase shift of the Fourier
pupil function using the polynomial representation

53

kY Y
-5, (2 )

The PSD depends on B,, thus our fit function contains
only symmetric terms, i.e., those with even m+n. We thereby
model even-order aberrations such as astigmatism, defocus
and spherical aberrations manifested in our microscope.
Because our experimental aperture (described below) is not
circular, the conventional Zernike basis has no particular
meaning. While it would in principle be possible to construct
an orthogonal polynomial basis for our aperture, we adopt a
simple order-by-order polynomial expansion.
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We performed a global fit of all {180D(k)I*) measure-
ments discussed in the next section to Eq. (52) using the
following criteria. The degree of defocus is quantified by ¢,
and c,,, these change by the same amount as &z, , changes,
but the remaining c, , are fixed. As a result, the global fit
designates c,, and c,, as unshared parameters (constrained
to change by the same amount as 8z,, changes) while the
remaining c,,,, are held constant across the data sets. We
performed two supplementary measurements at 0z,,=0 by
changing the detuning to 8=20.5. Equation (52) shows that
Coo=(9—0) results from detuning and the PCI phase shift.
The fits to these supplementary measurements share all their
parameters with the 3=0 dataset except coo.

The surface term in Eq. (52) is independent of 6z, , and B,
and we represent it as a Gaussian using

Vi) = g (kefo)” + (ko))

where g is a shared fit parameter in our aberrations model.
Finally, following Eq. (14), the DoF term h,,,. is parameter-
ized by the shared fit coefficient c ,,,.=w k¢/4, which depends
on the thickness of the cloud w, in the imaging direction. We
include this effect in our fits, but the resulting w_=~18 ym is
far from R_, implying that oscillatory structure is lost for
reasons other than the DoF effect.

Density Correlation Measurements

FIG. 9 shows PSDs measured from in-situ PTAI images
of BECs taken at a range of image planes (left half of plots,
i.e., k,<0) along with global fit to the aberrations model in
Eqg. (52) (right half of plots, i.e., k,>0). The best-fit values
for the shared parameters are shown in FIG. 16. The defocus
parameters c,, and ¢, are shown in FIG. 10 as a function of
6z,,. In total, the global fit to 11 data sets had 40 fit
parameters—including overall amplitude and background
offset terms for each data set that are not reported.

We determined the aperture term A(k, ) for the fit via the
following procedure. The overall numerical aperture of the
main objective lens limits the maximum accepted wavevec-
tor to ky,, (dashed cyan arcs in FIG. 9) and thereby (160D
(k )1*) =0 for Ik, I>k,,,. We observe a non-zero background
outside the NA circle, as expected from photon shot noise.
Our PSD measurements exhibit additional structures, and
we focus on the pair at positive k, giving additional limits to
the effective vertical NA (because the PSD derives from the
Fourier transform of a real valued quantity, the structures at
k, <0 replicate those at k >0). First, the horizontal cutoff at
k,~0.26 pm™! results from an in-vacuum “atom-chip” in our
apparatus that intercepts wave-vectors at large k,. A second
rectangle carved into the aperture results from screw heads
extending down from the atom-chip holder. Extending the
dashed cyan curves in FIG. 9 shows that the expected NA
limited disk is present for small Ik | where the atom-chip NA
limitations are not present. In our fit A(k,) is modeled as a
window function that combines the NA disk of the objective
lens with the two additional vertical aperture limits resulting
from the atom-chip assembly at positive k,. While all the
data in FIG. 9(a) have NA limits from the atom-chip
assembly, the effects are most visible in (a) which is nearly
in focus along e,. We therefore determined the aperture
window function from the PSD signal in FIG. 9(a).

Equation (52) describes two key features of the aperture
limits that stem from the atom-chip assembly. First, although
only up-going scattered light is blocked by then atom-chip
assembly, we observe the atom-chip NA limit for both
positive and negative k,. In Eq. (52), the first term in curly
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brackets is a symmetrized aperture that terminates the non-
oscillatory contribution to the PSD. This eliminates corre-
lations outside k,,, disk in the experimental data. In the
second term, the product A(k,)A(-k ) predicts that the
oscillatory structure given by cos( . . . ) terminates at the
aperture boundaries. This is observed at the aperture limit
from the atom chip assembly as well as the NA limit near
=0.

kyThe magnification of our microscope changes as a func-
tion of 8z,,; at 6z,,=0 cm the resolution is given by the
design magnification M=36.3. We empirically identified the
magnification at each 8z, ,#0 by aligning the observed and
expected NA circles. All of our data is presented including
these calibrated magnifications.

Similar to the simulated data analysis, photon shot noise
was subtracted from the experimental PSD to isolate the
atom shot noise. We begin by masking out the signal inside
the expected NA circle, where atom shot noise is dominant.
We then average the masked data along k, and subtract it
from the signal (eliminating structured noise along k). Next,
we repeat the same subtraction procedure by averaging
along k, (eliminating structured noise along k).

As demonstrated in FIG. 9, our aberrations model, using
coefficients from our global fit, accurately characterizes our
microscope and consistently describes the observed aspects
in all PSD measurements. The imaging system is astigmatic:
FIG. 9(a) and FIG. 9(f) show data nearly focused along e,
and e, respectively, where the c,, and c,, coefficients
approach zero in FIG. 10. Hence panel (a) has relatively
little oscillatory structure along e,, but significant structure
along e,; this pattern reverses progressively from (a) to (f) as
8z, , decreases. The remaining data (g) and (h) show increas-
ing oscillatory structure in both directions as 6z, , becomes
more negative.

Our global fit provides a measure of our phase dot’s phase
shift 0 using ¢y, obtained for 8=0 along with those measured
at d=t'%. The best-fit values of ¢y, are {1.510(6),1.590(4),
1.812(5)} for detunings {0.5,0,—0.5} respectively. The fit
function linearizes Eq. (26) around a non-zero optical depth,
avoiding the 1/8 divergence in the small OD expression.
Combining these data gives 6=—1.6(1) rad, which is in good
agreement with the design value of I7/2| further demonstrat-
ing the accuracy of our measurement protocol and aberra-
tions model. We also note the resonance value obtained from
Coo gZives an offset of 3=—0.03(6) from that obtained by
separately measuring the Lorentzian absorption line-shape
with the phase dot absent, which had uncertainty +0.02;
therefore, these values agree within their respective uncer-
tainties.

Determining Anti-Symmetric Pupil Phase Contributions

Imaging aberrations determined from PSD measurements
yield all components of the pupil function except the anti-
symmetric f_ described by the odd order c,,,, parameters. In
our data, images reconstructed with f_=0 have asymmetric
dips above and below the central density peak. We deter-
mined c,, term by minimizing the difference between recon-
structed images and the expected TF distribution. We omit-
ted the first-order terms as they describe real-space
translations. Because our BEC’s density distribution is
highly elongated along e,, its spectral distribution contains
only small k, components. As a result, only coefficients c,,,
significantly alter the overall density distribution. We then fit
reconstructed images to the 2D TF distribution

— 2 — 273/2 (54)
p@):po[l _(XRXO) _(yRyo) ]
X y
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with ¢, (the lowest order remaining contributor to B_)
included as a fit parameter. The best-fit value for c; is
shown in FIG. 16.
Final Pupil Model

FIG. 11(a) presents our final model for the pupil phase
wavefront 3 evaluated at 6z,,=0 cm. FIG. 11(b) plots the
uncertainty 6(k ) computed from our fits’ combined cova-
riance matrix (with a total of 41 parameters including shared
parameters) assuming a multivariate normal distribution of
parameters.

For a complete model of B, this would imply a rms wave-
front error 0.03A associated with reconstructed images. In
our demonstrated fourth-order model, we were unable to
model the c,,, c,; and c,, coefficients, which contribute
unknown wavefront errors, implying that 0.03A is a lower
bound for the rms wavefront error of our reconstructions.
Digitally Enhanced Non-Destructive Imaging with Far-De-
tuned PCI

With the aberrations of our ultracold atom microscope
quantified, we proceed to aberration compensation of
images of BECs taken in-situ with far-detuned PCI. FIG.
12(a) presents the raw aberrated image, while (b) and (c)
compare reconstructions using the Tikhonov (with 0=0.1)
and full methods. The observed background noise in the
aberrated image (a) is consistent with that predicted by our
numerical model [FIG. 5(4)]. The full method used a 2D
elliptical Tukey window function with semi-major and semi-
minor axes (1.25xR,, 1.5xR ), and with Tukey parameter
0.25; R, and R, are the TF radii determined in-situ. The
Tikhonov reconstruction contains multiple artifacts and
added noise, and as discussed in Sec. 3.3, o in Eq. (49)]
presents a trade-off: noise is reduced, but the accuracy of the
reconstruction is sacrificed. On the other hand, the full
method reduces both noise and spectral artifacts while
recovering the TF distribution with increased accuracy.

Our reconstruction does not include the experimentally
determined aperture A(k,) in the contrast transfer function
h(k ). Both with experimental and simulated data, including
the rectangular structure from the atom chip assembly led to
significant artifacts in the ad hoc reconstruction and some-
what degraded the performance of the full method.

In-Situ Observation of BEC Phase Transition

Here we demonstrate an application of increased accuracy
of the full regularization method by directly and non-
destructively observing condensate formation in a crossed
ODT using far-detuned PCI. FIG. 13 reveals the BEC phase
transition in the refocused images (middle row) as we
decrease the ODT depth, cooling to lower temperatures from
above the critical temperature T>T, in (a), to just below
T=T. in (b) and to well below T<<T. in (c). We indepen-
dently imaged the cold cloud in time-of-flight using Al to
calibrate the temperature.

In raw aberrated images (FIG. 13 top row) only very
qualitative features of the density distribution are visible,
stymieing quantitative analysis. The bottom row of FIG. 13
compares the horizontal cross sections of raw images (black
curves) and refocused images (red curves) and the fits
(purple dashed curves) to the expected density profile for
each case. We observe that the refocused data are generally
in good agreement with the expected thermal plus TF
distribution. However, in both cases with T<T,_, we observe
oscillatory structure in the density around x=—20 pm, poten-
tially indicating a previously undetected fringe on our ODT
laser beam. This structure does not correlate with any
features of the probe beam. Additional structure for x>0
appears at higher temperature (both here and in FIG. 12),
which we interpret as arising from excitations in moderate
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temperature quasi-1D BECs. Lastly, FIG. 13(d) shows the
condensate fraction obtained from our in-situ non-destruc-
tively measured yet aberrated images, illustrating the effec-
tiveness of our reconstruction method to yield images suit-
able for quantitative analysis. We fit the measured
condensate fraction to max((1-T/T,)“, 0), where aand T _ are
fit parameters; this expression is valid both for harmonically
trapped and free non-interacting bosons. For harmonic con-
finement in D>2 dimensions a=D, and for free particles in
3D a=3/2. Our fit yields T ,=136(20) nK, and a=1.4(6) is
consistent with the free space prediction, however, given the
known impact of interactions this is coincidental.
Conclusion and Outlook

In this paper we presented a versatile high-resolution
ultracold atom microscope composed of two main compo-
nents: 1) an economical and practical imaging system based
on high NA off-the-shelf optics; and 2) a novel, high-fidelity
digital aberration removal technique that is compatible with
a wide range of imaging techniques. The combination of
these two elements yields an ultracold atom microscope that
can be easily integrated to existing cold-atom apparatus, this
is in contrast with quantum gas microscopes, which neces-
sitate costly and typically custom designed optics. Imaging
artifacts resulting from the geometrical constraints of an
existing vacuum system or imperfections in the optical
elements are mitigated using our digital aberration removal
technique. An important point is that for NA=0.25 com-
pensation is required to account for the vacuum windows;
for example, using an uncompensated NA=0.6 objective in
tandem with a vacuum cell requires correction of some sort,
either optical or digital. As such our high-resolution ultra-
cold atom microscope is adaptable, simple and effective.
Furthermore, our reconstruction algorithms are not limited
to cold-atom experiments and can be applied in any case
where the real and imaginary parts of the susceptibility are
proportional to the quantity of interest.

Our full method completely solves the minimization
problem at the price of a numerically costly iterative algo-
rithm. We also showed that a simple ad hoc approximation
leads to a method with only slightly degraded performance,
suitable for real-time use in a lab setting.

All of our current implementations approximate the true
relationship between the detected signal and the ideal recov-
ered signal with a linear transformation that is valid only for
small signals. This leads to the visible underestimation of the
true density in the simulated reconstructions which have
peak signal g=1. Although it is doubtful that algebraic
progress beyond Eq. (44) can be made for the true non-linear
transformation, we expect that non-linear numerical meth-
ods would be able to find the recovered signal without the
small g approximation. This would extend this method to be
applicable to the full range of available data.

Series Expansion

The numerator of Eq. (48) can be evaluated using Fourier
methods, but because an inverse is required, the denomina-
tor is difficult to evaluate. Nearly diagonal matrices have a
compact series expansion that in the present case allows for
(somewhat) efficient evaluation. One expression for the
inverse is

(1+s70) " ~p' —DpND!

+D'\ND'NDT! -
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where D denotes any matrix of diagonal elements, where
1+J7]=D+N. This whole expansion may be computed in a
straightforward manner, and while this method converges, it
does so slowly. The art in this method is in the selection of
D to give the most rapid convergence. We found superior
performance using the conjugate gradient method described
in the main text.

Grid Size and Padding

Our method acquires additional considerations when the
field of view is limited, i.e., when a significant fraction of the
aberrated diffraction pattern is outside the observed field of
view. Here we consider this case by analyzing Eq. (35).

In the general vicinity of some k, the phase shift may be
Taylor expanded as Bk +0k)=P(k,)+0k-V B(k); thus both
terms in h(k) are approximated by displacement operators,
with 6x=tV B(k), for Fourier components centered at k.
Our data consists of images with extent L; assuming the
object is centered on the image, this implies that for 6x>1/2
the information near k, will not have been detected.

Our algorithm uses standard Fourier methods with peri-
odic boundary conditions, in which case these components
will wrap-around: a non-physical behavior. To avoid this, we
require 13, B(k)I<L/2; when we discretize onto a momen-
tum lattice with spacing 2m/L this implies

|8l + 21/ L) — Blko)| < 7. B

This is to say any phase change in a single momentum-
space pixel that is larger than T will give signal outside the
field of view and should not be included. In other language,
this is the Nyquist limit associated with this signal.

In our implementation we resolve this two ways: (1) We
cap the gradient of the phase shift V,(k) as it approaches
the Nyquist threshold. (2) If this is insufficient (for example,
if the Nyquist limit is violated inside the imaging aperture),
we pad the measurement m such that Eq. (B1) is satisfied,
and set the inverse uncertainties 6! to zero at these points,
thereby assigning them zero weight in the objective func-
tion.
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The processes described herein may be embodied in, and
fully automated via, software code modules executed by a
computing system that includes one or more general purpose
computers or processors. The code modules may be stored
in any type of non-transitory computer-readable medium or
other computer storage device. Some or all the methods may
alternatively be embodied in specialized computer hard-
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ware. In addition, the components referred to herein may be
implemented in hardware, software, firmware, or a combi-
nation thereof.

Many other variations than those described herein will be
apparent from this disclosure. For example, depending on
the embodiment, certain acts, events, or functions of any of
the algorithms described herein can be performed in a
different sequence, can be added, merged, or left out alto-
gether (e.g., not all described acts or events are necessary for
the practice of the algorithms). Moreover, in certain embodi-
ments, acts or events can be performed concurrently, e.g.,
through multi-threaded processing, interrupt processing, or
multiple processors or processor cores or on other parallel
architectures, rather than sequentially. In addition, different
tasks or processes can be performed by different machines
and/or computing systems that can function together.

Any logical blocks, modules, and algorithm elements
described or used in connection with the embodiments
disclosed herein can be implemented as electronic hardware,
computer software, or combinations of both. To clearly
illustrate this interchangeability of hardware and software,
various illustrative components, blocks, modules, and ele-
ments have been described above generally in terms of their
functionality. Whether such functionality is implemented as
hardware or software depends upon the particular applica-
tion and design constraints imposed on the overall system.
The described functionality can be implemented in varying
ways for each particular application, but such implementa-
tion decisions should not be interpreted as causing a depar-
ture from the scope of the disclosure.

The various illustrative logical blocks and modules
described or used in connection with the embodiments
disclosed herein can be implemented or performed by a
machine, such as a processing unit or processor, a digital
signal processor (DSP), an application specific integrated
circuit (ASIC), a field programmable gate array (FPGA) or
other programmable logic device, discrete gate or transistor
logic, discrete hardware components, or any combination
thereof designed to perform the functions described herein.
A processor can be a microprocessor, but in the alternative,
the processor can be a controller, microcontroller, or state
machine, combinations of the same, or the like. A processor
can include electrical circuitry configured to process com-
puter-executable instructions. In another embodiment, a
processor includes an FPGA or other programmable device
that performs logic operations without processing computer-
executable instructions. A processor can also be imple-
mented as a combination of computing devices, e.g., a
combination of a DSP and a microprocessor, a plurality of
microprocessors, one or more microprocessors in conjunc-
tion with a DSP core, or any other such configuration.
Although described herein primarily with respect to digital
technology, a processor may also include primarily analog
components. For example, some or all of the signal pro-
cessing algorithms described herein may be implemented in
analog circuitry or mixed analog and digital circuitry. A
computing environment can include any type of computer
system, including, but not limited to, a computer system
based on a microprocessor, a mainframe computer, a digital
signal processor, a portable computing device, a device
controller, or a computational engine within an appliance, to
name a few.

The elements of a method, process, or algorithm
described in connection with the embodiments disclosed
herein can be embodied directly in hardware, in a software
module stored in one or more memory devices and executed
by one or more processors, or in a combination of the two.
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A software module can reside in RAM memory, flash
memory, ROM memory, EPROM memory, EEPROM
memory, registers, hard disk, a removable disk, a CD-ROM,
or any other form of non-transitory computer-readable stor-
age medium, media, or physical computer storage known in
the art. An example storage medium can be coupled to the
processor such that the processor can read information from,
and write information to, the storage medium. In the alter-
native, the storage medium can be integral to the processor.
The storage medium can be volatile or nonvolatile.

While one or more embodiments have been shown and
described, modifications and substitutions may be made
thereto without departing from the spirit and scope of the
invention. Accordingly, it is to be understood that the present
invention has been described by way of illustrations and not
limitation. Embodiments herein can be used independently
or can be combined.

All ranges disclosed herein are inclusive of the endpoints,
and the endpoints are independently combinable with each
other. The ranges are continuous and thus contain every
value and subset thereof in the range. Unless otherwise
stated or contextually inapplicable, all percentages, when
expressing a quantity, are weight percentages. The suffix (s)
as used herein is intended to include both the singular and
the plural of the term that it modifies, thereby including at
least one of that term (e.g., the colorant(s) includes at least
one colorants). Option, optional, or optionally means that
the subsequently described event or circumstance can or
cannot occur, and that the description includes instances
where the event occurs and instances where it does not. As
used herein, combination is inclusive of blends, mixtures,
alloys, reaction products, collection of elements, and the
like.

As used herein, a combination thereof refers to a combi-
nation comprising at least one of the named constituents,
components, compounds, or elements, optionally together
with one or more of the same class of constituents, compo-
nents, compounds, or elements.

All references are incorporated herein by reference.

The use of the terms “a,” “an,” and “the” and similar
referents in the context of describing the invention (espe-
cially in the context of the following claims) are to be
construed to cover both the singular and the plural, unless
otherwise indicated herein or clearly contradicted by con-
text. It can further be noted that the terms first, second,
primary, secondary, and the like herein do not denote any
order, quantity, or importance, but rather are used to distin-
guish one element from another. It will also be understood
that, although the terms first, second, etc. are, in some
instances, used herein to describe various elements, these
elements should not be limited by these terms. For example,
a first current could be termed a second current, and,
similarly, a second current could be termed a first current,
without departing from the scope of the various described
embodiments. The first current and the second current are
both currents, but they are not the same condition unless
explicitly stated as such.

The modifier about used in connection with a quantity is
inclusive of the stated value and has the meaning dictated by
the context (e.g., it includes the degree of error associated
with measurement of the particular quantity). The conjunc-
tion or is used to link objects of a list or alternatives and is
not disjunctive, rather the elements can be used separately or
can be combined together under appropriate circumstances.

What is claimed is:

1. A computer implemented process for removing aber-
rations in an acquired image from imperfect imaging optics,
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the process comprising: acquiring an acquired image of an
object with an imperfect imaging system that comprises an
imperfect imaging optic, the acquire comprising a plurality
of pixels; producing a prior that comprises an expectation of
data for the object; determining a pixel-by-pixel uncertainty
of the acquired image; determining a total transfer function
h, of the acquired image from the prior and the acquire
image; and determining a data vector d from the total
transfer function h, and the acquired image to remove
aberrations from the acquired image; wherein the total
transfer function hk is provided by

1.2 hetks) o)
i 6 hpor(k.) 7p(0) e,

2. The process of claim 1, further comprising converting
the acquired image to vector m;.

3. The process of claim 1, wherein the prior is set to zero
if there is no expectation of data.

4. The process of claim 1, wherein the prior is provided
by a Gaussian distribution function.

5. The process of claim 1, wherein the expectation com-
prises information about the object or information about the
imperfect imaging system.

6. The process of claim 1, wherein determining the
pixel-by-pixel uncertainty of the acquired image comprises
accounting for photon shot noise of a digital imaging device
of the imperfect imaging system that acquired the acquired
image.

7. The process of claim 6, wherein accounting for the
photon shot noise comprises obtaining the square root of the
pixel values of the acquired image.

8. The process of claim 6, further comprising performing
background subtraction on the acquired image prior to
determining the pixel-by-pixel uncertainty of the acquired
image.

9. The process of claim 6, wherein determining the
pixel-by-pixel uncertainty of the acquired image comprises
accounting for readout noise of the imperfect imaging
system that acquired the acquired image.

10. The process of claim 8, further comprising, after
performing background subtraction, replacing any negative
values of the pixel values with a positive value.

11. The process of claim 10, wherein the positive value is
the smallest positive number of all of the pixels.

12. The process of claim 10, wherein the positive value is
obtained by averaging pixel values of neighboring pixels.

13. The process of claim 1, wherein determining the total
transfer function h, comprises determining aberrations in the
acquired image, the aberrations comprising attenuation y
and phase shift B.

14. The process of claim 1, wherein the data vector d is
an optimal reconstructed image.

15. The process of claim 1, wherein determining the data
vector d comprises numerically solving linear equations
with a conjugate gradient method.

16. The process of claim 1, further comprising estimating
a Fourier pupil function of the imperfect imaging system.

17. The process of claim 16, wherein estimating the
Fourier pupil function comprises determining a density
correlation.

18. The process of claim 16, wherein estimating the
Fourier pupil function comprises determining aberrations in
the acquired image from a diffraction pattern in the acquired
image.

heor (k) =
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19. The process of claim 16, wherein estimating the
Fourier pupil function comprises determining a point spread
function and obtaining even order aberrations from the point
spread function.

20. The process of claim 16, further comprising producing
a polynomial a plurality of loss coefficients as a result of
estimating the Fourier pupil function of the imperfect imag-
ing system.

21. The process of claim 20, further comprising quanti-
fying the spatial structure of the object as the pixel-by-pixel
uncertainty of the acquired image.

22. A computer implemented process for removing aber-
rations in an acquired image from imperfect imaging optics,
the process comprising: acquiring an acquired image of an
object with an imperfect imaging system that comprises an
imperfect imaging optic, the acquired image comprising a
plurality of pixels; producing a prior that comprises an
expectation of data for the object; determining a pixel-by-
pixel uncertainty of the acquired image; determining a total
transfer function h, of the acquired image from the prior and
the acquired image; and determining a data vector d from the
total transfer function h, and the acquired image to remove
aberrations from the acquired image; wherein, in determin-
ing the total transfer function h,, the attenuation y and the
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phase shift f are accounted for by the following forward
transfer function h,

helh,) = e 7Bk

23. A computer implemented process for removing aber-
rations in an acquired image from imperfect imaging optics,
the process comprising: acquiring an acquired image of an
object with an imperfect imaging system that comprises an
imperfect imaging optic, the acquired image comprising a
plurality of pixels; producing a prior that comprises an
expectation of data for the object; determining a pixel-by-
pixel uncertainty of the acquired image; determining a total
transfer function h, of the acquired image from the prior and
the acquired image; and determining a data vector d from the
total transfer function h, and the acquired image to remove
aberrations from the acquired image; further comprising
verifying a statistical likelihood of the data vector d based on
the acquired image and the pixel-by-pixel uncertainty of the
acquired image, wherein verifying the statistical likelihood
of the data vector d comprises evaluating

(Hd — m)'E™ (Hd - m).
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